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Abstrat
In this thesis, the impliations of a new osmologial model are studied, whih
has features similar to that of deaying vauum osmologies. Deaying vauum (or
osmologial onstant Λ) models are the results of attempts to resolve the problems
that plague the standard hot big bang model in osmology - the problems whih elude
a satisfatory solution even after the two deades of the advent of inationary models,
the rst and muh publiised ure to them. We arrive at the present model by a
radially new route, whih extends the idea of a possible signature hange in the metri,
a widely disussed speulation in the urrent literature. An alternative approah uses
some dimensional onsiderations in line with quantum osmology and gives an almost
idential model. Both derivations involve some fundamental issues in general theory
of relativity. The model has a oasting evolution (i.e., a ∝ t). It laims the absene
of all the aforementioned puzzles in the standard model and has very good preditions
for several measurable quantities. In the rst two hapters of the thesis, we review
the general theory of relativity, the standard model in osmology, its suesses, the
problems in it and also the most suessful of those attempts to solve them, namely, the
inationary and deaying vauum models. In the third hapter, we present and disuss
the new osmologial model in detail. The fourth hapter is onerned with quantum
osmology. We briey review the anonial quantisation programme of solving the
Wheeler-DeWitt equation, apply the proedure to our model and show that it satises
many of the muh sought-after ideals of this formalism. The last hapter of the thesis
disusses the solution of Einstein equations in the new model in omparison with other
ones, its onnetion with other oasting models, the appearane of a Casimir type
negative energy density in it and also the prospets and hallenges ahead for the model.
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Prefae
Einstein's general theory of relativity (GTR) is perhaps the profoundest theory
onerning the physial world with regard to its revolutionary ontent and the highly
sophistiated mathematial apparatus neessitated by it. While most theories of nature
evolved as part of experimental and observational enounters with physial situations
by innumerable sientists through generations, this theory, in its omplete form was
oneived almost single handedly by this intelletual giant and was muh ahead of its
time. Prospets of putting it to diret test may ever remain poor, but the theory
assumes a entral role in interpreting astrophysial and osmologial data. In fat, the
perspetive of mankind on the osmos was arried to unforeseen heights in so short a
period in this entury mainly due to GTR.
On the other hand, osmology has never enjoyed the same status as physis or as-
tronomy till reent times, partly due to its speulative nature and partly due to the
lak of adequate observational data. But during the past deade, with the launhing
of `Hubble Spae Telesope' and the `Cosmi Bakground Explorer' (COBE) satellite,
a wealth of information is pouring in from the deep skies. But sine we annot experi-
ment with the osmos, one an only resort to model-making and then to hek how far
the observational data agree with the preditions of the model. The most suessful
osmologial model, with the least amount of speulatory inputs and maximum onsis-
teny with observational fats is onsidered to be the `standard' or the `hot big bang'
model. The model predits an early hot phase for the universe, the reli of whih is
the osmi bakground radiation. In addition to bakground radiation, it predits the
Hubble expansion and also the observed abundane of the light nulei in the universe.
However, there are ertain problems in this piture, whih are identied and given
serious attention in the past few years. Some of these are diretly dependent upon
the simplifying assumptions taken and some of them arise while trying to inorporate
the ideas of partile physis theories into the standard model. But there are problems
like the singularity, horizon, atness and osmologial onstant problems whih exhibit
genuine inonsistenies in the model and require substantial modiations in it. One
of the most widely disussed suh modiations to standard model is the `ination',
whih brings in the possibility of an exponential expansion of the universe in its early
evolution, aused by the potential energy of a salar eld. This senario an suess-
fully handle many of the problems, but does not solve the singularity and osmologial
onstant problems and also brings in a new `age' problem. Reently, some alternative
osmologial models have gained onsiderable attention in the literature under the title
`deaying-λ osmologies'. They have a time-varying osmologial onstant, whih helps
to solve also the osmologial onstant problem, in addition to those ones ination an
solve.
In this thesis, we study the impliations of a new osmologial model, whih has
features similar to those of deaying-λ osmologies. Apart from the presene of a time-
varying osmologial onstant, the model has an evolution and thermal history quite
lose to that of the standard model. At the same time, it laims the absene of all out-
iv
standing problems in that model and has very good preditions for several measurable
quantities. We arrive at this model by extending the idea of a possible signature hange'
in the early universe, a widely disussed speulation whih involves some basi issues in
the GTR. This extension leaves us in an unphysial universe, but we have notied that
a proper interpretation of the theory will enable us to obtain an exellent osmologial
model, with the essential features as summarised above. For the purpose of ompar-
ison, we begin the thesis by introduing the developments in the eld of osmology,
starting from the fundamentals. In the rst two preliminary hapters, we review the
GTR, the standard model in osmology, its suesses, the problems in it and also the
most suessful of those attempts to solve these problems, namely, ination and de-
aying vauum models. Following this, we present the new osmologial model in Ch.
3 and disuss its important features like thermal evolution, avoidane of osmologial
problems, predition of observable quantities, et..
The fourth hapter is devoted to quantum osmology. Quantum osmology is the
result of attempts to reonile GTR and quantum mehanis, the other major break-
through in physis during this entury. This subjet, whih is still in its infany, has a
more diret bearing on the oneptual foundations of physis. One route to this goal
is to write the wave equation for the universe (Wheeler-DeWitt equation). We briey
review the ahievements in this diretion and then apply the proedure to the new os-
mologial model. It is shown that the programme works exeedingly well in the new
ontext.
The onluding hapter of the thesis presents a disussion of the new model in
omparison with the other osmologial models.
Exept in one subsetion, we use natural units (in whih h¯ = c = kB = 1) throughout
in the derivations. But when expliit alulations are made, we onvert the nal results
into onventional units with the help of a table. Notations, sign onventions et. are
adopted mostly the same as that in [1℄. Speially, we use Latin indies i, j, .. = 0, 1, 2, 3
and Greek indies µ, ν.. = 1, 2, 3.
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.... These games do not ompliment or ontradit ognitive reason. Therefore it is
lear how they annot be worked. It annot be an ontologial reoniliation in whih
there are several aspets of being nor an epistemologial one whih assumes several types
of knowledge. Working this terrain pursues a fore-sight, a horizon of expetations; not
denitely of one goal to truth, not even of many roads to one truth, but perhaps, of
many roads to many truths, some to nowhere.
Muralidharan M. in
A Study of the Soial and Ideologial Impliations of
the Student - Teaher Disourses in the Upanishads
Ph. D. Thesis, University of Caliut, 1993
Chapter 1
Relativisti Cosmology
O¨pi in 1922 measured the distane to the Andromeda nebula to be nearly equal to
450 Kp, whih when ompared to the measured radius ≈ 8 Kp of our own Milky-way
is enormous. This was onlusive proof of the fat that those observed spiral nebulae
like that of Andromeda are in fat island universes (galaxies), with a size omparable
to that of the Milky-way galaxy. Also it was the rst believable evidene that the
universe extends to sales well above that of our galaxy. The emergene of modern
observational osmology, with the notion of galaxies as basi entities distributed over
spae, an be traed bak to this event. Around the same time, Slipher has measured
the spetral displaement of forty-one nearby galaxies and thirty-six amongst them
showed redshift. In 1929 Hubble, on the basis of Slipher's observations, proposed a
linear relation - Hubble law - between the distanes to galaxies and their redshifts. The
next landmark in observational osmology was the disovery of the osmi mirowave
bakground radiation (CMBR) by Penzias and Wilson in 1965. Detailed observations on
these three phenomena [2℄, namely, distribution of galaxies, variation of galaxy redshifts
with distane and CMBR still remain the pillars of observational osmology.
Clearly, these observations require interpretations for any progress to be made. The
best thing one an do is to make a model by extrapolating tested theories to the realm of
osmology and ompare the preditions of the model with more detailed observations.
However, this proedure involves ertain judiious hoies and assumptions. At the
range of sales involved, gravity is the only known interation to be ounted and the
most rened and tested theory of gravity is Einstein's general theory of relativity (GTR)
[1℄-[6℄. We disuss only models whih use GTR or some slight variants of it and hene a
very brief review of this theory is presented in Se. 1.1. Again, the appliation of GTR to
osmology requires some simplifying assumptions for any preditions to be made. First
of all, we assume the osmologial priniple to be valid; i.e., at any given osmi time,
the distribution of galaxies in the universe is assumed to be homogeneous and isotropi
at suiently large sales and also that the mean rest frame of galaxies agrees with this
denition of simultaneity. In Se. 1.2, we review models of the universe obeying the
osmologial priniple, with dierent models having dierent matter ontent. The last
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setion in this hapter is devoted to a brief review of the most popular, standard hot
big bang model. We explain how the model aounts for the observed fats at large,
for the benet of omparison with the new osmologial model to be presented in this
thesis.
1.1 General Theory of Relativity
The onventional route to GTR is to start from the observed phenomenon of the equal-
ity of gravitational and inertial masses of objets and then to elevate this equality to
the `priniple of equivalene'. But this theory, whih is primarily a geometri theory -
in the sense that gravitational eld an be represented by the metri tensor and freely
falling bodies move along geodesis - an be dedued also from an ation priniple. For
our purpose of introduing a new osmologial model based on a omplex metri, it
is onvenient to adopt the latter approah. We rst derive, by varying an ation, the
equations of motion and the eld equations in GTR, making expliit the form of the
energy-momentum tensor for various types of matter. Then we make use of the oppor-
tunity to introdue Einstein's famous osmologial onstant, as it plays an important
part in our subsequent disussions. Lastly, by using the 3+1 split of spaetime, it is
desribed how to identify a suitable Lagrangian density in this ase, so as to enable
writing the eld equations as Euler-Lagrange equations.
1.1.1 Field Equations
GTR is a theory of gravity whih follows by requiring that the ation [1℄, [3℄-[6℄
I =
−1
16πG
∫
R(gik)
√−g d4x+
∫
Λ
√−g d4x ≡ IG + IM (1.1)
be stationary under variation of the dynamial variables in it. I is alled the Einstein-
Hilbert ation. The rst integral is the gravitational ation IG where R(gik) is the ur-
vature salar, gik are the ovariant omponents of the metri tensor of the 4-dimensional
spaetime, dened by the expression for the line element
ds2 = gikdx
idxk (1.2)
and g ≡ det(gik). R(gik) is given by
R = gikRik, (1.3)
where the gik are the ontravariant omponents of the metri tensor and Rik is the Rii
tensor
Rik = g
lmRlimk = R
l
ilk. (1.4)
In the above, Rlilk is the ontrated form of the Riemann tensor
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Rlimk =
∂Γlik
∂xm
− ∂Γ
l
im
∂xk
+ ΓlnmΓ
n
ik − ΓlnkΓnim (1.5)
and lastly, the Christoel symbols Γ lik , in terms of the metri tensor are dened as
Γlik =
1
2
glm
(
∂gmi
∂xk
+
∂gmk
∂xi
− ∂gik
∂xm
)
. (1.6)
In the seond integral in Eq. (1.1), whih is the matter ation IM , Λ orresponds
to the matter elds present. A general expression for Λ is of the form
Λ = Λ(φA, φA,i , x
i), (1.7)
where φA (A = 1, 2, 3..) are a series of funtions of spaetime oordinates xi and  , i"
refers to dierentiation with respet to xi. For example, the eletromagneti eld should
have
Λem = − 1
16π
FikF
ik; Fik = Ak,i −Ai,k. (1.8)
Here, Ai are the salar and vetor potentials. For the salar eld φ whih appears in
partile physis theories,
Λφ =
1
2
gik
∂φ
∂xi
∂φ
∂xk
− V (φ), (1.9)
where V (φ) is the potential of the eld. But for matter in the form of partiles, IM is
written in a form dierent from that in Eq. (1.1). As an example, onsider partiles
interating with an eletromagneti eld. We write the matter ation for the system as
IM,particles = −
∑
a
ma
∫
dsa −
∑
a
ea
∫
Ai dx
i +
∫
Λem
√−g d4x, (1.10)
where ma is the mass, ea the harge and the summation is over all the partiles a. If the
ation I in (1.1) is minimized by varying only the position of the worldline of a typial
partile, keeping its endpoints xed, we get the equation of motion of the partile in the
ombined gravitational and other elds with whih it interats. In the above example,
the required equations of motion for the partile are
d2xi
ds2a
+ Γikl
dxk
dsa
dxl
dsa
=
ea
ma
F il
dxl
dsa
. (1.11)
On the other hand, the equations of motion for the elds, i.e., the eld equations
are obtained when we minimize the ation I by varying only the elds. For example, if
we minimize the ation with IM given by equation (1.10) by varying Ai, the Maxwell
equations for the eletromagneti eld are obtained:
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F ik;i = 4πj
k. (1.12)
Here  ; i" refers to ovariant dierentiation with respet to xi. In fat, the form (1.8)
for Λem was hosen in suh a way that we obtain this result.
Lastly, the Einstein eld equations, i.e., the equations of motion for the gravitational
eld an be obtained by minimising the ation I by varying the metri tensor gik. Note
that this is the only variation whih will aet IG. It an be seen that under the
variation gik → gik + δgik,
δIG ≡ 1
16πG
∫
(Rik − 1
2
R gik) δgik
√−g d4x. (1.13)
The variation in the the matter ation IM an be written as
δIM ≡ −1
2
∫
T ik δgik
√−g d4x. (1.14)
When Λ in (1.1) is of the general form (1.7), T ik, the energy-momentum tensor an be
seen to be of the form
T ik = 2

 1√−g
(
∂Λ
√−g
∂gik,l
)
,l
− ∂Λ
∂gik
− 1
2
Λgik

 . (1.15)
For Λ = Λem as in (1.8), this gives
T ikem =
1
4π
(
1
4
FmnF
mngik − F il F lk). (1.16)
For Λ = Λφ as in (1.9), (1.15) gives
T ikφ = g
ilgkm
∂φ
∂xl
∂φ
∂xm
− gikΛφ. (1.17)
For matter in the form of partiles, as in the ase of (1.10), with the four-momentum
pia and the energy of the partile Ea,
T ikparticles =
∑
a
1
Ea
piap
k
aδ
3(x− xa). (1.18)
For a perfet uid, i.e., uid having at eah point a veloity vetor v suh that an
observer moving with this veloity sees the uid around him as isotropi, the above
energy-momentum tensor an be ast in the form
T ikperfect fluid = (p+ ρ)U
iUk − pgik (1.19)
where U i ≡ dxi/ds.
Combining (1.13) with (1.14) and putting δI = δIG + δIM = 0, we get the Einstein
eld equations as
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Gik ≡ Rik − 1
2
gikR = 8πGT ik. (1.20)
The Einstein equations also imply the energy onservation law
T ik;l = 0. (1.21)
1.1.2 Cosmologial Constant
It is now instrutive to see how IG is hosen in the form as in (1.1) [1℄. As usual in
writing variational priniples, the ation shall be expressed in terms of a salar integral∫ G√−g d4x, taken over all spae and over the time oordinate x0 = t between two given
values. Sine the attempt is to desribe the gravitational eld in terms of gik, whih are
thus the `potentials', we shall require that the resulting equations of the gravitational
elds must ontain derivatives of gik no higher than the seond order. For this, G should
ontain only gik and its rst derivatives. But it is not possible to onstrut an invariant
G (under oordinate transformations) using gik and the Christoel symbols Γikl (whih
ontain only rst derivatives of gik) alone, sine both gik and Γ
i
kl an be made equal
to zero at a given point by appropriate oordinate transformations. Thus we hoose
R in plae of G, though R ontains seond derivatives of gik. This is suient sine
the seond derivatives in R are linear and the integral
∫
R
√−g d4x an be written
as the sum of two terms: (1) an expression not ontaining the seond derivatives of
gik and (2) the integral of an expression in the form of a four-divergene of a ertain
quantity. By using Gauss's theorem, the latter an be transformed into an integral over
a hypersurfae surrounding the four-volume over whih the integrations are performed.
When we vary the ation, the variations of the seond term vanish sine by the priniple
of least ation, the variation of the eld gik at the limits of the region of integration are
zero. Thus
∫
R
√−g d4x an funtion as the gravitational ation IG.
However, as noted by Einstein himself, one an modify IG as
IG =
−1
16πG
∫
(R+ 2λ)
√−g d4x (1.22)
without violating the requirements on the ation as desribed above, where λ is some
new onstant. Einstein used a very small λ to obtain a stationary universe. This
onstant is known as the `osmologial onstant' sine when it is small, it will not
signiantly aet the solutions, exept in a osmologial ontext. When Einstein ame
to know about the observational evidene for the expansion of the universe, he deided
to do away with it and desribed it as `the greatest mistake in his life'. But this term λ is
one of the most intriguing fators in urrent theoretial physis. It was later reognised
that λ an also be a funtion of xi [7℄.
With the introdution of λ(xi), the Einstein equation (1.20) an be written as
Rik − 1
2
Rgik − λ(xi)gik = 8πGT ik. (1.23)
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In view of its appliation in osmology, the λ-term is usually taken to the right hand
side of this equation, after making a substitution
ρλ =
λ
8πG
,
so that
Rik − 1
2
R gik = 8πG(T ik + ρλg
ik). (1.24)
Using Eq. (1.19), one an see that the term ρλg
ik
in the above equation is idential to the
energy-momentum tensor for a perfet uid having density ρλ and pressure pλ = −ρλ.
1.1.3 Lagrangian Density
In the above subsetion, we have seen that sine the Rii salar R ontains seond
derivatives of gik with respet to spaetime oordinates, the ation will ontain seond
derivatives. But in fat, an alternative expression for R, whih does not ontain any
seond derivatives of gik an be found [4℄ (and referenes therein) using the Arnowitt-
Deser-Misner (ADM) 3+1 split of spaetime as
R = K2 −KµνKµν −3R. (1.25)
This diers from the earlier expression (1.3) for R by a possible four-divergene. In the
present ase, we have oneived a foliation of spaetime into spae-like hypersurfaes Σt
labeled by t, whih is some global time-like variable. 3R is the salar urvature of this
3-dimensional surfae, Kµν are the omponents of the extrinsi urvature of Σt dened
by
Kµν =
1
2N
(
Nµ|κ +Nκ|µ −
∂hµν
∂t
)
(1.26)
and
K = hµνKµν . (1.27)
Nµ is alled the shift vetor, N , the lapse funtion and hµν = nµnν − gµν (where nµ is
the vetor eld normal to Σt) is the metri indued on this 3-spae with
√−g = N√h.
" | " denotes ovariant dierentiation with respet to the spatial metri hµν . The line
element (1.2), in terms of the lapse N and shift Nµ is given as
ds2 = gikdx
idxk = (N dt)2 − hµν(Nµdt+ dxµ)(Nνdt+ dxν) (1.28)
so that
gik =
[
N2 −NµNνhµν −Nν
−Nµ −hµν
]
(1.29)
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and
gik =
[
1
N2 −N
ν
N2
−NµN2 N
µNν
N2 − hµν
]
. (1.30)
Thus the Lagrangian density to be used in the gravitational ation IG is
LG = −
√−gR/16πG = − 1
16πG
√
hN
(
K2 −KµνKµν −3R
)
. (1.31)
The hanges orresponding to that in the metri tensor are to be implemented in
the matter ation too. For example, in the ase of a salar eld, Eq. (1.29) and (1.30)
are to be used in the matter Lagrangian density
Lφ =
√−gΛφ =
√−g
[
1
2
gik
∂φ
∂xi
∂φ
∂xk
− V (φ)
]
. (1.32)
One an write the Euler-Lagrange equations orresponding to variations with respet
to Nµ, N and other dynami variables in the total Lagrangian density LG + LM = L.
(Nµ and N are not dynamial variables; their time derivatives do not appear in L.
In fat, these are Lagrange multipliers so that after the variation one an x some
onvenient gauge for them.) The equations obtained by varying with respet to N
and Nµ are `onstraint equations' and they ontain only rst derivatives. Variation
with respet to the other dynamial variables leads to eld equations. The resulting
equations an be seen to be the same as those obtained from the Einstein eld equations
(1.20). We shall make this expliit using spei examples in the next setion.
1.2 Homogeneous and Isotropi Cosmologies
This setion serves two purposes. First, it illustrates the formalism of GTR summarised
in the last setion by applying it to osmology. But more importantly, it introdues the
general framework of models whih obey the osmologial priniple [1℄-[6℄. Friedmann
models form the basis of the standard hot big bang model whereas models with a
minimally oupled salar eld paves the way for the inationary osmologial models.
We obtain the eld equations for these models in the onventional way, but in the last
subsetion, we demonstrate their derivation using the Euler-Lagrange equations.
1.2.1 Friedmann Models
If the distribution of matter in spae is homogeneous and isotropi, we an desribe the
spaetime by the maximally, spatially symmetri Robertson-Walker (RW) metri and
obtain an important lass of solutions to the Einstein eld equations that are of muh
signiane in osmology. The RW line element is given by
ds2 = dt2 − a2(t)
[
dr2
1− kr2 + r
2(dθ2 + sin2 θ dφ2)
]
. (1.33)
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a(t) is the sale fator of the spatial expansion and k = 0, +1 or −1 whih, in the
respetive order, orresponds to at, positively urved or negatively urved spaelike
hypersurfaes of onstant t. Let us apply the formalism of GTR to this simple ase.
Evaluating R and Rik using (1.3) and (1.4), the Einstein equations (1.20) an
be written for the perfet uid desribed by (1.19) in a omoving frame with U i =
(1, 0, 0, 0), whih desribes a homogeneous and isotropi distribution of matter as
a˙2
a2
+
k
a2
=
8πG
3
ρ, (1.34)
2
a¨
a
+
a˙2
a2
+
k
a2
= −8πGp. (1.35)
Dierentiating (1.34) and ombining with (1.35) gives
d(ρa3)
da
+ 3pa2 = 0 (1.36)
or equivalently
ρ˙ = −3 a˙
a
(ρ+ p), (1.37)
whih is the onservation law for energy-momentum (1.21) in this ase. Combining
(1.34) and (1.35) in a dierent way, we get another useful result
a¨
a
= −4πG
3
(ρ+ 3p). (1.38)
The solutions of these equations require, however, some additional information in
the form of an `equation of state' relating ρ and p. In most ommonly enountered
problems, we an write this relation as
p = wρ. (1.39)
It an be shown that for extreme relativisti matter, w = 1/3 and for nonrelativisti
matter (dust), we have w = 0. These equations (1.34)-(1.39) were rst obtained and
studied by A. Friedmann and models based upon these are usually alled Friedmann
models. They predit either an expanding or ontrating universe.
Eq. (1.36) an immediately be solved to obtain
ρ ∝ a−3(1+w). (1.40)
If there are more than one noninterating omponent in ρ that are separately onserved,
(1.36) and hene (1.40) are appliable to eah. For relativisti matter, the density
ρm,r ∝ a−4 and for nonrelativisti matter, ρm,nr ∝ a−3. The variation of ρ with a for
other values of w an also be dedued from (1.40); for w = −1/3, ρ ∝ a−2 and for
w = −1, ρ is a onstant.
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To study the variation of a with t, we make a few denitions. The quantity
H(t) ≡ a˙
a
(1.41)
is alled the Hubble parameter whih measures the rate of expansion of the universe.
The deeleration parameter q(t) is dened through the relation
a¨
a
≡ −q(t)H2(t) (1.42)
and the ritial density as
ρc ≡ 3
8πG
H2. (1.43)
Another important quantity is the density parameter
Ω(t) =
ρ
ρc
. (1.44)
Using these denitions, Eq. (1.34) an be written as
Ω− 1 = k
a2H2
. (1.45)
The k = 0 ase is a speial one where Ω = 1 or ρ = ρc. Using (1.40) in (1.34) gives the
solution in this ase as
a(t) ∝ t2/3(1+w). (1.46)
For the k = +1 ase, Ω > 1, q > 1/2 and the universe expands to a maximum and then
reollapses. For k = −1, Ω < 1, q < 1/2 and it expands for ever. The k = 0 ase is
ritial in the sense that it just manages to expand for ever.
de Sitter Models
Instead of matter, if the RW spaetime ontained only a osmologial onstant, Eq.
(1.24) (with T ik = 0) leads to
a˙2
a2
+
k
a2
=
8πG
3
ρλ, (1.47)
2
a¨
a
+
a˙2
a2
+
k
a2
= 8πGρλ. (1.48)
The eld equations are thus similar to a Friedmann model with equation of state pλ =
−ρλ; i.e., with w = −1. Thus a positive (negative) ρλ has a repulsive (attrative) eet
so that we have an aelerating (deelerating) osmi evolution with a¨ > 0 (a¨ < 0). It
is the repulsive fore due to a onstant positive ρλ, whih Einstein made use of in his
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stationary universe model to prevent it from ollapsing due to other matter distributions
present.
Equations (1.47) and (1.48) are partiularly simple to solve in the at ase with
k = 0. The solution, with H ≡ (8πGρλ/3)1/2 = onstant, is obtained as
a(t) ∝ eHt (1.49)
If we dene
H =
√
8πGρλ
3
tanhk


√
8πGρλ
3
t

 , (1.50)
a solution an be found also for the k = ±1 ases. For k = +1,
a(t) ∝ H−1 coshHt (1.51)
and for k = −1,
a(t) ∝ H−1 sinhHt. (1.52)
The model with positive ρλ is alled the de Sitter model, after W. de Sitter, who solved
it for the rst time. The model with ρλ negative, is alled the anti-de Sitter model.
1.2.2 Models With a Salar Field
Another speial ase of interest is that of a RW spaetime lled with a minimally oupled
salar eld φ, whose energy-momentum tensor is given by (1.17). With the assumption
that φ is spatially homogeneous and depends only on time, Einstein equations an be
written in a similar manner as that in (1.34)-(1.35)
a˙2
a2
+
k
a2
=
8πG
3
[
φ˙2
2
+ V (φ)
]
, (1.53)
2
a¨
a
+
a˙2
a2
+
k
a2
= −8πG
[
φ˙2
2
− V (φ)
]
. (1.54)
The equation of motion for φ an be obtained by using the onservation law for
energy-momentum (1.21) as
φ¨+ 3
a˙
a
φ˙+
dV (φ)
dφ
= 0. (1.55)
It shall be noted that when the eld is displaed from the minimum of its potential
and when φ˙2 ≪ V (φ), Eq. (1.53) and (1.54) are similar to the Einstein equations
(1.47) and (1.48), written for the spaetime ontaining only a osmologial onstant
(where we identify V (φ) = ρλ). In this ontext, ρλ is usually alled the vauum energy
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density. The solutions for spaetimes whih ontain a osmologial onstant in addition
to matter were studied by G. Lemaitre and suh models are generally referred to as
Friedmann-Lemaitre-Robertson-Walker (FLRW) osmologies.
1.2.3 Field Equations as Euler-Lagrange Equations
Lastly, let us demonstrate how the Einstein equations in dierent models are obtained
as Euler-Lagrange equations under the variation of the ation. For the RW spaetime,
under the ADM 3+1 split, Nµ = 0, Kµν = −(1/N)(a˙/a)hµν , 3R = 6k/a2,
R =
6
N2
a˙2
a2
− 6k
a2
(1.56)
and the ation, using (1.31) and (1.32), is
I = IG + IM =
∫
(LG + LM )d4x
=
∫
N
√
h
[
− 1
16πG
(
6
N2
a˙2
a2
− 6k
a2
)
+
(
φ˙2
2N2
− V (φ)
)]
d4x. (1.57)
Integrating the spae part, we get
I = 2π2
∫
Na3
[
− 1
16πG
(
6
N2
a˙2
a2
− 6k
a2
)
+
φ˙2
2N2
− V (φ)
]
dt
≡
∫
L dt. (1.58)
Using the Lagrangian L, we may write the Euler-Lagrange equations for the variables N ,
a and φ and xing the gauge N = 1 to obtain the same Einstein equations (1.53)-(1.55).
Similarly, for a de Sitter model whih ontains only a osmologial onstant, the
Lagrangian an be taken to be
L = 2π2Na3
[
− 1
16πG
(
6
N2
a˙2
a2
− 6k
a2
)
− ρλ
]
(1.59)
The Einstein equations (1.47) and (1.48) are obtained on writing the Euler-Lagrange
equations orresponding to variations with respet to N and a, in the gauge N = 1.
1.3 The Standard Model - Its Suesses
The standard model [2℄-[6℄ laims to have the least amount of speulatory inputs into
osmology, while having maximum agreement with observations. It is based upon the
following assumptions: (1) At the very large sales of the size greater than lusters of
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lusters of galaxies, the universe is homogeneous and isotropi and hene is desribable
by the RW metri and (2) It is lled with relativisti/ nonrelativisti matter. Then
the fundamental equations governing the evolution of the universe are those obtained
earlier (1.34)-(1.39) with w = 0 or 1/3. These models predit an expanding or ontrat-
ing universe and belong to Friedmann osmologies. We now disuss the three major
suess stories of the model, juxtaposing them with the urrent status of observational
osmology.
1.3.1 The Hubble Expansion
The 1929 disovery of a linear redshift-distane relation for galaxies by Hubble, if in-
terpreted as due to Doppler eet, establishes the ase for an expanding phase for the
universe at present and was a primary piee of evidene in support of the standard
model. At present, the expansion rate, haraterised by the Hubble parameter (1.41) is
in the range Hp = 100 h Km s
−1
Mp
−1
; h = 0.7± 0.05. (The subsript p refers to the
present epoh.) The Hubble radius H−1p ≈ 0.9× 1028h−1 m ≈ 2.9× 103h−1 Mp gives
a measure of the size of the presently observed universe. The deeleration parameter
dened by (1.42) is estimated to be lying in the range −0.5 < qp < 2. Also the density
parameter, as per urrent estimates is given by 0.1 ≤ Ωp ≤ 2. The age of the universe,
measured by diret observational dating tehniques is tp ≈ 5 × 1017 s. Though these
observations are not preise enough, they however onrm the Hubble expansion of the
universe.
The observed redshift z of galaxies an be related to the sale fator a as
1 + z =
a(tp)
a(t1)
(1.60)
where t1 is the time at whih the light is emitted. If we assume that the universe
ontains both radiation and matter, aording to equation (1.40), before some time teq
in its history, radiation will dominate over matter. In the standard osmology, teq is
estimated to be ≈ 1.35 × 1011Ω−3/2h−3 s. For a universe with at spae setions (i.e.,
k = 0), (1.46) gives a ∝ t1/2 for the relativisti era and a ∝ t2/3 for the nonrelativisti
era. Assuming that the hangeover is instantaneous, we an write
a = At2/3, t > teq (1.61)
a = Bt1/2, t < teq. (1.62)
Mathing the two relations at t = teq, one estimates
B
A
=
t
2/3
eq
t
1/2
eq
≈ 0.7 × 102Ω−1/4h−1/2s1/6. (1.63)
This value will be of use in evaluating expressions of the type (1.60) in the standard
at models. In both the other ases with k = ±1, we an regard the universe as nearly
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at when a was smaller than ap by a few orders of magnitude (See atness problem:
Se. 2.1).
1.3.2 Cosmi Mirowave Bakground Radiation
Another important milestone in the development of the standard model was the dis-
overy of the osmi mirowave bakground radiation (CMBR) by Penzias and Wilson
in 1965. The spetrum of CMBR is onsistent with that of a blakbody at temper-
ature Tp ≈ 2.73K. It endorses the view that there was a more ontrated state for
the universe, whih ought to have been denser and hotter than the present. Aording
to the standard model, the universe ools as it expands and when the temperature
reahes T ≈ 4000K, matter eases to be ionised, the eletrons join the atoms. Radia-
tion is then no more in thermal equilibrium with matter (matter-radiation deoupling)
and the opaity of the radiation drops sharply. The radiation we see now as CMBR
is oneived as the reli of that last sattered at the time of deoupling. In fat, the
CMBR was predited by Gamow in 1948 and its disovery, perhaps, is the strongest
observational evidene in support of the standard model.
We an derive an expression for the total relativisti matter (radiation) density ρm,r
in terms of temperature by the following argument [4℄. (We use onventional units
in this subsetion.) For an ideal gas, there are 1/h3 number of states loated in unit
volume of µ-spae, where h is the Plank's onstant. The number of states in volume
V with momentum less than P will be (4/3)πP 3V/h3. The oupany of a single state
is
1
e(EA(P )−µA)/kTA ± 1 .
+(−) signs orrespond to Fermi (Bose) statistis, µA is the hemial potential and
TA is the temperature of the speies A whih is assumed to be in equilibrium and
EA(P ) = (P
2c2+m2c4)1/2, the energy of a partile in the speies A. Then the number
of partiles of type A with momentum between P and P + dP per unit volume of spae
is
nA(P )dP =
gA
2π2h¯3
P 2dP
e(EA(P )−µA)/kTA ± 1 , (1.64)
where gA is the number of spin degrees of freedom. In the extreme relativisti (TA ≫
mA) and nondegenerate (TA ≫ µA) limit, the energy density, whih orresponds to
speies A is
ρA =
∫ ∞
0
EA(P )nA(P )dP = gAσT
4
A (Bosons) (1.65)
= (7/8)gAσT
4
A (Fermions) (1.66)
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where σ = π2k4/30h¯3c3 = 3.782 × 10−15 erg m−3 K−4. The total energy density
ontributed by all the relativisti speies together an be written as
ρm,rc
2 = gtotσT
4, (1.67)
where
gtot =
∑
(A=Bosons)
gA(TA/T )
4 +
∑
(A=Fermions)
(7/8)gA(TA/T )
4
(1.68)
is the eetive number of spin degrees of freedom at temperature T. In the very early
universe, gtot is evaluated to be nearly equal to 100.
The expression for ρm,r as given by (1.67) is a reasonable speulation if we agree
to look upon the CMBR as the reli of a hot early universe. To obtain another useful
result in the study of the thermal history of an expanding universe, we apply the seond
law of thermodynamis, in its familiar form, to a physial volume V = a3;
kT dS = dE + pdV = d(ρc2a3) + pd(a3) (1.69)
and also use (1.36), whih is a statement of the rst law of thermodynamis. It is easy
to see that
dS
dt
=
1
kT
[
d
dt
(ρc2a3) + p
d
dt
(a3)
]
= 0. (1.70)
This implies that the entropy per omoving volume element of unit oordinate volume
V = a3, under thermal equilibrium, is a onstant. i.e.,
S =
(ρc2 + p)
kT
a3 = onstant. (1.71)
Thus in the standard model, the universe expands adiabatially. Eq. (1.67) implies
that for radiation with ρm,r ∝ a−4, aT is a onstant. In the relativisti era, for a k = 0
universe, this may be used to write
t =
(
3c2
32πGσ
)1/2
g
−1/2
tot T
−2. (1.72)
The times at whih radiation reahes various temperatures an be evaluated using this
expression.
1.3.3 Primordial Nuleosynthesis
The third important suess of the standard model is the predition of primordial
nuleosynthesis [3℄-[6℄. Aording to this theory, when the age of the universe was of
the order of 1 s, the temperature was of the order of 1010 K and the onditions were right
for nulear reations whih ultimately led to the synthesis of signiant amounts of D,
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3
He,
4
He and
7
Li. The yields of these light elements, aording to the model, depends
on the baryon to photon ratio η and the number of very light partile speies, usually
quantied as the equivalent number of light neutrino speies Nν . The preditions of the
abundane of the above four light elements agree with the observational data provided
the free parameters η and Nν in the theory have values in the range
2.5× 10−10 ≤ η ≤ 6× 10−10, Nν . ≤ 3.9 (1.73)
In turn, if we aept the present abundane of light nulei, the density parameter for
baryons ΩB may be predited from the above to be lying in the range
0.01 ≤ ΩB ≤ 0.15, (1.74)
whih agrees with measured values. Furthermore, the bounds on Nν
Nν = 3.0± 0.02 (1.75)
agree with partile aelerator experiments.
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Chapter 2
Problems and Solutions
2.1 The Standard Model - Problems
The three major observational fats, namely, a linear redshift-distane relation, a perfet
blakbody distribution for CMBR whih orresponds to a more or less uniform temper-
ature and the observed abundane of light elements have learly established a ase in
favour of the standard, hot big bang model. However, this is only a broad brush piture
and there are several loose ends to be sorted out when we go into details. There are
issues like the formation of strutures et., whih all for renements of the theory. But
here we fous attention on another lass of puzzles, usually alled `osmologial prob-
lems', whih deserve speial attention sine they indiate the possible existene of some
inonsistenies in the standard model and hene do require substantial modiations in
its underlying postulates. The most serious among them are the following.
Singularity Problem
The assumptions in the standard model (See Se. 1.3) are in tune with the validity
of the strong energy ondition ρ + 3p ≥ 0 and ρ + p ≥ 0. This, when ombined
with some topologial assumptions and ausality onditions lead to strong singularity
theorems whih imply that a singularity, where the geometry itself breaks down, is
unavoidable. In the osmologial ontext, this singularity orresponds to the instant
of reation, the big bang, where quantities like matter density, temperature, et., take
unbounded values. The universe omes into existene at this instant, violating the law
of onservation of energy, whih is one of the most herished priniples of physis [8℄.
This is alled the singularity problem.
Flatness Problem
From equation (1.45), whih may be written in the form
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Ω− 1 = 1
8πG
3
ρa2
k − 1
, (2.1)
it is easy to see that for Ω being lose to unity, |Ω− 1| grows as a2 during the radiation
dominated era (ρ ∝ a−4) and as a in the matter dominated era (ρ ∝ a−3). Thus sine
Ω(tp) is still of the order of unity, at early times it was equal to 1, to a very high
preision. For instane
Ω(10−43 s) = 1±O(10−57),
Ω(1 s) = 1±O(10−16).
This means, for example, that if Ω at the Plank time tpl = 5.4 × 10−44 s was slightly
greater than 1, say Ω(10−43) s= 1 + 10−55, the universe would have ollapsed millions
of years ago. The standard model annot explain why the universe was reated with
suh ne-tuned loseness to Ω = 1 [9℄. This is the atness problem.
Horizon Problem
The CMBR is known to be isotropi with a high degree of preision. Two mirowave or
infrared antennas pointed in opposite diretions in the sky do ollet thermal radiation
with ∆T/T ≤ 10−5, T being the blak body temperature. In the ontext of the standard
model, this is puzzling sine these two regions from whih CMBR of strikingly uniform
temperature is emitted annot have been in ausal ontat at any time in the past [10℄.
The problem an be expliitly stated as follows. Aording to the standard model, the
proper distane to the horizon of the presently observed universe is of the order of H−1p .
Sine distanes sale as a(t), at any time in the past, say ts, the size of the same part
of the universe was [a(ts)/a(tp)]H
−1
p . But the distane a light signal an travel by the
time ts is equal to the proper distane to the horizon at that time; i.e.,
dhor(ts) = a(ts)
∫ ts
0
dt
a(t)
. (2.2)
If the presently observed part of the universe was to be in ausal ontat at ts, a
neessary (though not suient) ondition is
dhor(ts) >
a(ts)
a(tp)
H−1p . (2.3)
The isotropy of the CMBR, whih was traveling unobstruted sine the time of deou-
pling (tdec), indiates that the presently observed part of the universe was in ausal
ontat at least by that time. Hene, one would expet the above ondition to be satis-
ed for some time ts < tdec. In the standard model, tdec ≈ 1013 s and the time at whih
the universe hanges from relativisti to nonrelativisti era is teq ≈ 1011 s. Using these
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and also some typial values Ω = 1, h = 3/4 and tp = 5 × 1017 s, Eqs. (1.61)-(1.63)
will help us to evaluate both sides of ondition (2.3). It an be seen that the right hand
side of this ondition is greater than the left by a fator of 2.5 × 107/t1/2s for ts < teq
and by a fator of 0.63 × 106/[(t1/2eq /40) + 3t1/3s − 3t1/3eq ] for ts > teq, thus violating the
ondition. For ts = teq, this ratio is approximately equal to 80 and for ts = tdec, it
is ≈ 10. This means that the presently observed part of the universe was not even in
ausal ontat at the time of deoupling. Yet the surfae of last sattering of radiation
appears very muh isotropi. This is the horizon problem.
Further, for the suessful predition of the primordial nuleosynthesis, the universe
has to be homogeneous at least as early as ≈ 1 s. The ondition (2.3) is then violated
by a very wide margin.
Problem of Small Sale Inhomogeneity
The assumption in the standard model that the universe is homogeneous and isotropi
is justiable at least in the early epohs, before the matter-radiation equality. The
remarkably uniform temperature of CMBR on all angular sales upto quadrupole, is
ample evidene for this. But reent measurements show anisotropies (of the order
of 10−5 or so) in CMBR in a systemati way and these anisotropies diretly sample
irregularities in the distribution of matter at the time of last sattering. It is believed
that one the universe beomes matter dominated, small density inhomogeneities grow
via the Jeans instability. Density inhomogeneities are usually expressed in a Fourier
expansion
δρ(~x)
ρ
=
1
(2π)3
∫
δk exp(−i~k.~x)d3k, (2.4)
where ρ is the mean density of the universe, ~k is the omoving wave number assoiated
with a given mode and δk is its amplitude. So long as a density perturbation is of
small magnitude(i.e., δρ/ρ ≪ 1), its physial wave number and wave length sale with
a(t) as kphys = k/a(t), λphys = a(t)× 2π/k. One a perturbation beomes nonlinear, it
separates from the general expansion and maintains an approximately onstant physial
size. The inhomogeneity at present is: stars (δρ/ρ ≈ 1030), galaxies (δρ/ρ ≈ 105),
lusters of galaxies (δρ/ρ ≈ 10 − 103), superlusters or lusters of lusters of galaxies
(δρ/ρ ≈ 1) and so on. Based upon this fat that nonlinear strutures exist today, and
the fat that in the linear regime utuations grow as a(t) in the matter dominated
epoh, we an alulate the amplitude of perturbations that existed on these sales at
the epoh of deoupling. It should be possible to aount for the anisotropies in the
CMBR deteted by the COBE satellite on this basis. The problem with this senario of
small sale inhomogeneity is that in the standard model, last sattering ourred at a
redshift of around 1000 with the Hubble radius at that time subtending an angle of only
around 1o, while CMBR shows anisotropies on all angular sales upto the quadrupole
[4℄.
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This problem is losely related to the horizon problem in that if one imagines ausal,
mirophysial proesses ating during the earliest moments of the universe and giving
rise to primeval density perturbations, the existene of partile horizons in the standard
osmology preludes prodution of inhomogeneities on the sales of interest.
Problem of the Size of the Universe
If we follow the standard evolution, the size of the omoving volume orresponding to
the present Hubble volume at the Plank time tpl an be evaluated using (1.61)-(1.63)
as 10−4 m. This is muh greater than the Plank length lpl = 1.616 × 10−33 m, the
only natural length sale available. This is the problem of the size of the universe [11℄.
Entropy Problem
Most of the entropy in the universe exists in the form of relativisti matter. The
radiation entropy in the present Hubble volume may be evaluated using (1.67) in (1.71)
as
Sp =
(
ρm,r + pr
T
)
p
4
3
π(H−1p )
3 ≈ 1088, (2.5)
with gtot. ≈ 2 and Tp = 2.73 K. The entropy at tpl, again if we follow the standard
evolution, will be the same as Sp. Where do suh large numbers ome from, is the
entropy problem [11℄.
Monopole Problem
This is another problem losely related to the horizon problem. The Grand Unied
Theories (GUTs) predit that as the universe ools down and the temperature reahes
a value ≈ 1028 K, a spontaneous symmetry breaking ours and as a result, magneti
monopoles are opiously produed. However, no suh monopoles have yet been deteted.
This is the monopole problem [12℄.
The monopoles whih are expeted to be produed are of mass ≈ 2 × 10−8 g. At
the end of the GUT epoh (tc), we expet at least one monopole per horizon size sphere
to be produed. The horizon radius at tc is given by 2tc. The radius of the same part
of the universe at present is dhor(tc)a(tp)/a(tc). Thus the present number density of
monopoles will be of order
nmonopole(tp) ≈ 1
4π
3
[
dhor(tc)
a(tp)
a(tc)
]3 . (2.6)
With T (tc) ≈ 1028 K and dhor(tc) = 2tc ≈ 10−26m, we an evaluate (with a ∝ T−1
and Tp = 2.73 K),
nmonopole(tp) ≈ 10−6m−3. (2.7)
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With the monopole mass ≈ 2× 10−8 g, we get
ρmonopole(tp) ≈ 2× 10−14g m−3. (2.8)
This is muh greater than the losure density ≈ 10−29 g m−3 of the present universe
and if it were true, the universe would have ollapsed muh earlier. If the horizon
problem is solved before tc, the same dynamial mehanism would solve the monopole
problem too. Further, this problem is not related to osmology alone; if partile physis
turns out to be disarding the hypothesis regarding monopole prodution, this problem
will also disappear.
Cosmologial Constant Problem
If we assume that the universe ontains a osmologial onstant ρλ ≡ λ/8πG in addition
to matter, then by measuring the values of the Hubble parameter H = a˙/a and the
deeleration parameter q = −a¨/aH2 and using the Einstein equations, one an nd the
magnitude of ρλ. Current estimates [13, 14℄ of this value is of the order of the ritial
density ≈ 10−29 g m−3. If ρλ is viewed as arising from the potential energy of a salar
eld employed in eld theoreti models, then no known symmetry priniple in quantum
eld theory requires that its value be so small like this when ompared to the Plank
density ρpl = 0.5 × 1094 g m−3. That is, the measured value of ρλ is smaller than
the expeted value ρpl by 122 orders of magnitude. This is the osmologial onstant
problem [15℄.
2.2 Attempts to Modify the Standard Model
Let us now extrapolate bakward in time the standard evolution for a universe with
at spae using Ω = 1 , h = 0.75, tp = 5 × 1017s and aepting the standard model
values zdec ≈ 1000, zeq ≈ 13500 and Tnuc ≈ 1010 K (the subsripts dec and nuc refers,
respetively, to the deoupling and nuleosynthesis epohs). We also normalise a(t)
suh that a(tp) is equal to unity. Using the relation 1 + z = a(tp)/a(t), we get
adec ≈ 10−3. (2.9)
Writing a = At2/3 in the matter dominated era, we an evaluate tdec ≈ 1.58 × 1013
s. Similarly, with a = Bt1/2 in the relativisti era, we get aeq = 8.18 × 10−5 and
teq = 3.18 × 1011 s. Using a ∝ T−1 where T is the radiation temperature, we an
evaluate anuc = 3 × 10−10 and tnuc = 5.2 s. If we extrapolate still bakward with the
same expression a = Bt1/2 till the Plank era, when the energy density is ρpl = 0.5×1094
g m
−3
, we get a(ρ = ρpl) = 2.155 × 10−32 and t(ρ = ρpl) = 2.7 × 10−44 s ≈ tpl. As
mentioned in Se. 2.1, this value of a orresponds to 10−4 m for a region of size 1028
m at present and is very large when ompared to Plank length.
The horizon problem and the problem of generation of density perturbations above
the present Hubble radius an be better understood in this ontext. We have already
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stated that to aount for the remarkable isotropy of CMBR, the ondition is (2.3)
(with ap = 1): i.e.,
dhor(tdec) > adecH
−1
p , (2.10)
where dhor(tdec) is given by equation (2.3). This statement may be extended to explain
the anisotropies whih orrespond to the aforementioned density perturbations. Let us
dene
dcomm.(t1, t2) =
∫ t2
t1
dt
a(t)
, (2.11)
whih is the ommuniation distane light has traveled between times t1 and t2, evalu-
ated at present. Then the ondition for generation of density perturbations above the
Hubble radius an be expressed as
dcomm.(tpl, tdec) > H
−1
p . (2.12)
This is idential to the ondition (2.3), provided we extend the lower limit of integration
in (2.2) to tpl. In the above senario of standard evolution, the left hand side of Eq.
(2.12) may be evaluated as equal to 1.1 × 1027 m whereas the right hand side is
approximately 1.2 × 1028 m. This is an alternative way of stating the puzzles in the
standard model.
Based on the behaviour of the sale fator alone, it was reently argued [16, 17℄
that some nonstandard evolution is essential for the solution of these problems. The
argument is based upon the understanding that the standard model gives a reliable
and tested aounting of the evolution of the universe, at least from the time of nu-
leosynthesis onwards. Hene it was asserted that if we do not want to jeopardise the
suesses of the standard model, the evolution should be standard, as desribed above,
from t ≈ 1 s onwards. Then one has to fae the question of how to maximize (2.11),
so that (2.12) is satised. Those models whih do not violate the ondition ρ+ 3p ≥ 0
has a¨ ≤ 0. In this senario, (2.11) an be maximized by assuming a oasting evolution
a¨ = 0 or a ∝ t. More speially, Liddle [17℄ assumes
a(t) =
anuc
tnuc
t, a < anuc. (2.13)
In this piture, at the epoh when ρ = ρpl, we have t ≈ 3.75 × 10−22 s. Between this
epoh and that of nuleosynthesis, the maximum possible ommuniation distane will
be ≈ 3.55 × 1022 m, whih is only a small fration of dcomm(tnuc, tdec) ≈ 1027 m.
Thus the above problems annot be solved in this piture. One has to oneive some
nonstandard evolution haraterised by a¨ > 0 or ρ+ 3p < 0. But this will neessitate
some drasti modiation to the standard model in that the existene of some kind of
energy density with equation of state p = wρ, w < 0 should be aepted, at least in
the early epohs. One suh ase is a universe lled with the potential energy of a salar
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eld. The resulting evolution, whih resembles that of de Sitter osmologies is alled
`ination'.
2.3 Ination
It is well known how ination solves the osmologial problems [18℄. In all inationary
models, the universe whih emerges from the Plank epoh, after a brief period of
standard evolution (or sometimes without it) nds itself ontaining the potential energy
of a salar eld, whih is generally alled the inaton eld. This eld is initially displaed
from the minimum of its potential and it rolls down slowly to that minimum. All
viable inationary models are of this slow rollover type or an be reast as suh. Then
the governing equations are (1.53)-(1.55) with φ˙2 ≪ V (φ) so that during this phase,
the universe expands quasiexponentially as in (1.49) with H remaining a onstant.
That the inlusion of a minimally oupled salar eld will lead to suh a dynamis
was known muh earlier. It was Guth [19℄ who showed that this phenomenon an
possibly lead to the solution of osmologial problems. He showed that this exponential
expansion strethes ausally onneted regions of size H−1 by an amount exp(H∆t)
and onsequently regions of size H−1 ≈ lpl reah a size H−1 expH∆t ≈ 10−4 m by
the time ination ends, provided H∆t ≈ 67. This will help the universe to evolve as
per the standard model for the rest of the time. This also will resolve the horizon
problem. From (2.1), it is seen that during this period when ρφ ≡ V (φ) ≈ onstant,
for a losed universe, Ω − 1 dereases as a−2 and by the end of the inationary era, Ω
an be arbitrarily lose to unity. Similar is the behaviour of an open universe. Thus
one need not start with any ne tuned initial onditions at the Plank epoh to get a
nearly at universe at present. This solves the atness problem.
The inationary stage gives way to the standard evolution when the salar eld
reahes its minimum. During this proess, the entropy of the universe inreases enor-
mously. This will solve the entropy problem. The monopole problem disappears along
with the horizon problem.
The above are features generi to all inationary models. But for the suessful
implementation of the mehanism, one has to deide on what type of eld to onstitute
the inaton eld, what the potential of the eld is and what initial onditions are to
be speied. There are numerous inationary models whih dier in these matters.
Guth [19℄ proposed his model as a possible solution to horizon, atness and monopole
problems in whih the grand unied models tend to provide phase transitions that
lead to an inationary senario of the universe. A grand unied model begins with
a simple gauge group G whih is a valid symmetry at the highest energies. As the
energy is lowered, the theory undergoes a hierarhy of spontaneous symmetry breaking
transitions into suessive subgroups. At high temperatures, the Higgs elds of any
spontaneously broken gauge theory would loose their expetation values, resulting in
a high temperature phase in whih the full gauge symmetry is restored. The eetive
potential V (φ, T ) of the salar eld φ has a deep loal minimum at φ = 0, even at a
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very low temperature T . As a result, the universe remains in a superooled vauum
state φ = 0, whih is a false vauum, for a long time. The energy-momentum tensor of
suh a state would be the same as that in equations (1.53)-(1.54) with φ˙2 ≫ V (φ) and
the universe expands exponentially until the false vauum deays. This phenomenon
is termed a rst order phase transition, whih ours at some ritial temperature Tc.
As the universe ools through this temperature, one would expet bubbles of the low
temperature phase to nuleate and grow and these bubbles ontain the eld φ0, whih
orresponds to the minimum of the eetive potential V (φ). The universe will ool as
it expands and it will then superool in the high temperature phase. When the phase
transition nally takes plae at this low temperature, the latent heat is released and
the universe is reheated to a temperature omparable to Tc. If the universe superools
to 28 or more orders of magnitude, suient entropy will be generated due to bubble
wall ollisions and thermalisation of energy.
As pointed out by Guth himself, the major problem with this senario is that if
the rate of bubble nuleation is greater than the speed of expansion of the universe,
then the phase transition ours very rapidly and ination does not take plae. On the
other hand, if the vauum deay rate is small, then the bubbles annot ollide and the
universe beomes unaeptably inhomogeneous.
In order to improve this senario, Linde [20℄ and, Albreht and Steinhardt [21℄
independently suggested the `new inationary model'. The ruial dierene between
the new and old inationary models is in the hoie of the eetive potential V (φ, T )
and that the latter is a seond order spontaneous symmetry breaking phenomenon. The
new hoie was the Coleman-Weinberg potential whih has a bump near φ = 0. For
the deay from the false vauum to the true vauum, the system has to tunnel aross
the bump and then it slowly rolls down the potential. After reahing the minimum of
the potential, it exeutes damped osillations, during whih energy is thermalised and
entropy is inreased. In the new ination, a typial size of the bubble at the moment of
its reation is ≈ 10−20 m. After the exponential expansion, the bubble will have a size
muh greater than the observable part of the universe, so that we see no inhomogeneities
aused by the wall ollisions. The drawbak of the new inationary model is that it
requires ne tuned initial values for the eld.
Whereas the `old' and `new' inationary models are the result of spontaneous sym-
metry breaking, the haoti ination [22℄ proposed by Linde does not ontain any phase
transition at all. The salar eld is not part of any unied theory and its only purpose
is to implement ination. The potential in haoti ination is assumed to be of the
simple form
V (φ) =
l
n
φn. (2.14)
The minimum of the potential is at φ = 0 and so it has nothing to do with spontaneous
symmetry breaking. With suiently large initial value, the eld φ may roll slowly so
that a(t) rapidly approahes the asymptoti regime
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a(t) = a0 exp
[
4π
n
(
φ20 − φ2(t)
)]
. (2.15)
Linde envisions that the initial distribution of φ0 is haoti', with dierent values in
dierent regions of the universe. In the n = 4 ase, to obtain suient ination, say
60 e-folds, φ0 must be greater than about 4.4 mpl where mpl is the Plank energy. The
model in its simpliity is not denite enough to disuss reheating.
A major drawbak of haoti ination is the required smoothness of the initial
inationary path. For ination to our, we see the ondition
(▽φ)2 ≪ l
4
φ40. (2.16)
If we take the dimension of the region over whih φ varies by the order of unity to be
L, then
(▽φ)2 ≈
(
φ20
L
)2
≪ l
4
φ40 (2.17)
whih implies L ≫ (φ0/mpl)H−1. This means that, for suient ination, φ must be
smooth on a sale muh greater than the Hubble radius, a ondition whih does not
sound very haoti.
In addition to these most widely disussed ones, there are many other models whih
exhibit ination, but having a variety of features [18℄ (and referenes therein). The
`natural ination' model is the one having the potential V = V0 cos
2(φ/m). Those
models named `power law ination' have either a ∝ tp, p > 1 with potential V (φ) =
V0 exp(−µφ) or a ∝ (tc − t)−q, q > 1 whih obeys the indued gravity ation, a variant
of GR. Other models whih make use of non-Einstein theories of gravity like the latter
one are `Starobinski model' (higher derivative gravity), `Kaluza-Klein ination' (higher
dimensional Kaluza-Klein theories), `extended ination' (Brans-Dike theory), `pre-big
bang ination' (superstring theories) et.. This shows that even after the two deades
sine the development of the theory of ination, it still laks a unique model.
Age and Other Problems
The most important predition of the inationary models is that the universe is almost
spatially at with the present value of the density parameter Ωp very lose to unity.
This in turn implies that the ombination Hptp ≈ 2/3. A major set bak to inationary
models was in fat this predition. Reent observations [23℄ put this value to be lying
in the range 0.85 < Hptp < 1.91, ontrary to the above predition. This is the so alled
`age problem' in the standard at and inationary models.
A way out for these models from the age problem is to postulate that there is a
nonzero reli osmologial onstant in the present universe, whose density parameter Ωλ
is omparable to that of matter. But sine a osmologial onstant is indistinguishable
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from the vauum energy whih inates the universe, the model is bound to explain how
the enormous vauum energy, whih was present in the early universe gave way to suh
a small value at present. This of ourse will require another extreme ne tuning and is
against the spirit of inationary models, whih were originally oneived to get rid of
all sorts of ne tuning in the standard model.
This problem is further highlighted in the ontext of some very reent measurements
[13℄ of the deeleration parameter, whih indiates that in the present universe, qp an
even be negative. This an be interpreted as ourring due to the presene of a nonzero
osmologial onstant, whose density is omparable to that of the matter density. Thus,
along with the age problem, the osmologial onstant problem is aggravated by the
inationary models.
Lastly, the singularity problem is not addressed in the inationary models. In most
models, the inationary stage is expeted to our at a time many orders of magnitude
greater than the Plank time. Thus questions like how the universe ame into `existene'
et. are not addressed in the model.
2.4 Deaying-λ Cosmologies
The osmologial onstant problem has triggered a lot of work in the literature [25℄-[44℄
aimed at a solution based upon a dynamial λ; i.e., λ or equivalently ρλ ≡ λ/8πG
varying with time. An important motivation for onsidering a variable ρλ an be ex-
plained as follows [24℄: If ρλ orresponds to the vauum energy density, then its value
is expeted to be of the order of Plank density ρpl = 0.5× 1094 g m−3 at least in the
Plank epoh. But all observations at present indiate a very low value ≈ 10−29 g m−3
for this quantity. An order of magnitude alulation reveals that sine the present age
of the universe is ≈ 1061 times the Plank time, if ρλ deays with time from this initial
value, then ρλ,p ≈ 0.5×1094/(1061)2 ≈ 10−29 g m−3 as expeted; i.e., the osmologial
onstant obeys an inverse square law in time.
All deaying-λ models are not preisely of this type. Here we disuss two pioneer-
ing deaying-λ osmologial models [25, 32℄ whih propose phenomenologial laws for
the time-dependene of ρλ. It is of interest to note that while analysing the thermo-
dynami orretness of some deaying-λ models using the Landau-Lifshitz theory for
non-equilibrium utuations, Pavon [34℄ has found that only these two models suess-
fully pass their test. Speial ases of these models are obtainable as the new osmologial
model to be disussed in the following hapters of this thesis, whih is derived at a more
fundamental level.
2.4.1 Ozer and Taha Model
In the rst of its kind, Ozer and Taha onsidered a deaying −λ model [25℄ in whih
ρ˜ = ρm + ρλ with ρm denoting either the relativisti or nonrelativisti matter. The
Einstein equation and the onservation equation in this ase are
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a˙2
a2
+
k
a2
=
8πG
3
(ρm + ρλ) (2.18)
and
d
dt
(ρma
3) + pm
da3
dt
+ a3
dρλ
dt
= 0. (2.19)
They noted that, for the solution of the osmologial problems, there should be
entropy prodution and this will require dρλ/dt < 0. Also they argued that, sine the
present matter density in the universe is lose to the ritial density and sine these
two are time-dependent terms in the fundamental dynamial equations of GTR, the
equality of ρm and ρc would bestow some speial status to the present epoh t = tp.
Thus they assume that this equality is a time-independent feature and impose the
ondition ρm = ρc in the above equations. These onditions immediately yield
k = +1 (2.20)
and
ρλ =
3
8πG
1
a2
. (2.21)
In the relativisti era in whih pm,r =
1
3ρm,r, they obtain a nonsingular solution
a2 = a20 + t
2, (2.22)
where a0 is the minimum value of the sale fator. The relativisti matter density is
ρm,r = ρ0
(
a0
a
)4
− 1
a4
∫ a
a0
a′4
dρλ
da′
da′ =
3
8πG
(
1
a2
− a
2
0
a4
)
=
3
8πG
t2
(a20 + t
2)2
. (2.23)
The radiation temperature T is assumed to be related to ρm,r by the relation (1.67)
ρm,r = gtotσT
4, (2.24)
from whih
T =
(
3
8πGgtotσ
)1/4 [ t2
(a20 + t
2)2
]1/4
. (2.25)
Thus T = 0 at t = 0. The model predits reation of matter at the expense of vauum
energy. A maximum temperature Tmax is attained at t = a0 and is given by
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Tmax =
(
3c4
8πGgtotσ
1
2a20
)1/4
. (2.26)
It was observed that Tmax should orrespond to the only energy sale present in the
theory, whih is the Plank energy and that this will give a0 ≈ 0.03 lpl (assuming
gtot ≈ 100 in the early relativisti era). Also for t ≫ a0, the values of the energy
density and temperature attained by radiation at time t in the standard model are
attained at time 2t in their model. Thus it is antiipated that the model has the same
thermal history as the standard model. However, there is dierene in the behaviour of
the sale fator and also there is entropy prodution, whih will help to solve the main
osmologial problems. In partiular, they have shown that ausality will be established
within a time tcaus ≈ 2.3a0, soon after the Plank epoh. It was also shown that the
present monopole density in their model is muh smaller than the ritial density, whih
solves the monopole problem.
Though solutions are obtained for the pure radiation era with the above assump-
tions, they had to impose extra assumptions to determine the model when nonrelativis-
ti matter is present. It was assumed that the early pure radiation era soon gave way to
a period of matter generation, where a1 ≤ a ≤ a2. After that epoh, i.e., when a ≥ a2,
ρ = ρm,r + ρm,nr and Eq. (2.19) an be written as
d(ρma
3) + d(ρm,ra
3) + pm,r da
3 = −a3dρλ. (2.27)
In this era, it is assumed that
| d
dt
(ρm,nra
3
0 |≪|
d
dt
(ρm,ra
3) | . (2.28)
so that one obtains the solution
ρm,r =
3
8πG
(
1
a2
+ ω
a2p
a4
)
, (2.29)
where ω is a dimensionless onstant and ap is the present value of the sale fator. Here,
ρm,nra
3
, the total rest mass energy remains a onstant. The regions a0 < a < a1 where
pm,r = (1/3)ρm,r is separated from the regions a ≥ a2 by the epoh of matter reation,
whih may be onsidered as a region of phase transition. The time orresponding to
a1 is expeted to be t1 ≤ 10−34 s; i.e., the GUT era. The reversal of sign of a¨ ours
during this time.
Throughout the evolution, the expression for pλ is the same. Some preditions
of the model are independent of the dimensionless parameter ω. These inlude ap ≥
1.578 × 1030 m, ρλ ≈ 8.26 × 10−30 g m−3, tp ≈ (2/3)H−1p and qp ≈ 1/2. Thus the
values of tp and qp are nearly the same as those of the standard at model.
It was observed by the authors themselves that the imposition of the ondition
ρm = ρc is unphysial and that it may be worthwhile to seek a dynami priniple that
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determines the form of ρλ, this being the most fundamental assumption made in the
model.
2.4.2 Chen and Wu Model
Chen and Wu [32℄, while introduing their widely disussed deaying-λ osmologial
model, have made an interesting argument in favour of an a−2 variation of the ee-
tive osmologial onstant on the basis of some dimensional onsiderations in line with
quantum osmology. Their reasoning runs as follows: Sine there is no other fundamen-
tal energy sale available, one an always write ρλ, the energy density orresponding to
the eetive osmologial onstant as the Plank density (ρpl = c
5/h¯G2 = 5.158× 1093
g m
−3
) times a dimensionless produt of quantities. Assuming that ρλ varies as a
power of the sale fator a, the natural ansatz is
ρλ ∝ c
5
h¯G2
(
lpl
a
)n
(2.30)
One an now show that n = 2 is a preferred hoie. It is easy to verify that n < 2 (or
n > 2) will lead to a negative (positive) power of h¯ appearing expliitly in the right
hand side of the above equation. Suh an h¯-dependent ρλ would be quite unnatural in
the lassial Einstein equation for osmology muh later than the Plank time. But it
may be noted that n = 2 is just right to survive the semilassial limit h¯ → 0. This
hoie is further substantiated by noting that n ≤ 1 or n ≥ 3 would lead to a value of
ρλ whih violates the observational bounds. Thus Chen and Wu make the ansatz
ρλ =
γ
8πGa2
, (2.31)
where γ is a phenomenologial onstant parameter. Assuming that only the total
energy-momentum is onserved, they obtain, for the relativisti era,
ρm,r =
A1
a4
+
γ
8πGa2
(2.32)
and for the nonrelativisti era,
ρm,nr =
A2
a3
+
2γ
8πGa2
(2.33)
where A1 and A2 are to be positive. The Chen-Wu model thus diers from the standard
model in that it has a deaying osmologial onstant and that the matter density has
onserving and nononserving parts [given by the rst and seond terms respetively in
equations (2.32) and (2.33)℄. By hoosing γ appropriately, they hope to arrange ρλ and
the nononserving parts in ρm,r and ρm,nr to be insigniant in the early universe, so
that the standard model results like nuleosynthesis are undisturbed. But for the late
universe, it an have many positive features like providing the missing energy density
in the at and inationary models, et.. The model predits reation of matter, but the
authors argue that the reation rate is small enough to be inaessible to observations.
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Conversely to the requirement that the nononserving parts of matter density should
be negligible in the early universe for standard model results to remain undisturbed,
one an dedue that in this model, the standard model results are appliable to only
the onserving part of matter density. The nononserving part is, in fat, reated in
the late universe. Thus for the standard model results to be appliable to the present
universe, the onserving part of the matter density should be substantial. This in turn
will reate some problem with observations. For example, let us assume that at present,
the onserved part of the nonrelativisti matter density is equal to the nononserved
part. Sine the vauum density is only one-half the nononserved part [see equations
(2.31) and (2.33)℄, for a k = 0 universe, the deeleration parameter at present will be
q0 = (Ωm/2) − ΩΛ = 0.2. This is not ompatible with the observations mentioned
earlier [13℄.
To avoid the problems in the early universe, they have to assume the ourrene of
ination, whih in turn is driven by the vauum energy. But they apply their ansatz to
the late-time vauum energy density (whih orresponds to the osmologial onstant)
and not to that during ination. But the stress energy assoiated with the vauum
energy is idential to that of a osmologial onstant and it is not lear how they
distinguish them while applying their ansatz.
Chapter 3
The New Model
There are a number of instanes of the use of omplex numbers or omplex analyti
funtions in GTR [46℄. Many of these appliations have a ommon element, namely
the analyti ontinuation of a real analyti manifold (the spaetime) into the omplex,
produing a omplex spaetime. One suh omplex oordinate transformation is the
Wik rotation of the time-oordinate t in Minkowski metri to obtain a Eulidean
metri. Similarly the transformation of one solution of Einstein equation into another
by means of a omplex swith of oordinates is well known. For example, open and
losed Friedmann models, de Sitter and anti de Sitter spaetimes, Kerr and Shwarshild
metris et. are related by omplex substitutions [47℄. The use of omplex variables
extends to more sophistiated ones like spin-oeient formalism, Ashtekar formalism,
Twistor theory et. We present our model based upon the signature hange of the
metri from Lorentzian (+ - - -) to Eulidean (++++). A signature hange in the
early universe is a widely disuused idea in urrent literature. After briey reviewing
the same, we present our model, whih has a diret bearing on many osmologial
observations, a feature unparalleled in most other appliations mentioned above. We
disuss the physial model inluding its preditions and then show how the model is
devoid of osmologial problems.
3.1 Signature Change
The Hartle-Hawking `no boundary' ondition [48℄ in quantum osmology allows a hange
of signature in the Plank epoh, resulting in the origin of the universe in a regime
where there is no time. (The spaetime metri is Eulidean, so that spaetime is purely
spatial). Ellis et al. [49℄ investigated suh a possibility in the lassial solution of the
Einstein eld equations. They argue that the usual solutions of this equation with
Lorentzian metri are not beause it is demanded by the eld equations, but rather
beause it is a ondition we impose on the metri before we start looking for solutions.
They obtain a lassial signature hange by replaing the squared lapse funtion N2(t)
appearing in the metri in the ADM 3+1 split of RW spaetime (See Ses. 1.1, 1.2)
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with ν and allowing it to be negative. During signature hange, ν passes through the
value zero (whih is a form of singularity) and hene a ruial point is the mathing
onditions at the surfae of hange. Ellis et al. have laimed to obtain RW solutions of
the lassial Einstein equations where ν hanges sign at some time t0, with the ondition
that the matter density and pressure are nite and the 3-spae metri hµν is regular,
as the hange of sign takes plae. This ondition is equivalent to requiring that the
extrinsi urvature Kµν is ontinuous at the surfae of hange. In another approah,
Hayward [50℄ obtained signature hanging solutions by requiring that at the surfae of
hange, Kµν should vanish. The issue of these `juntion onditions' is a matter of hot
debate in the urrent literature.
Another development in onnetion with the signature of the metri was that made
by Greensite [51℄, who proposed a dynamial origin for the Lorentzian signature. The
idea is to generalize the onept of Wik rotation in path integral quantisation. Rather
than viewing Wik rotation as a mathematial tehnique for the onvergene of the
path integral, the Wik angle θ is treated as dynamial degree of freedom. He laims
to have obtained a relation between the dimension and signature of spaetime, whih
favour a Lorentzian signature for a 4-dimensional spaetime and explain the presene
of the fator i in the path integral amplitude. As a more general approah to signature
hange, Hayward [52℄ extended the idea of Greensite and allowed the lapse funtion
to be omplex. This is laimed to yield a omplex ation that generates both the
usual Lorentzian theory and its Riemannian analogue and allows a hange of signature
between the two.
3.2 Derivation of the New model
We obtain a signature hanging RW solution by a dierent route than those mentioned
above [53, 54℄. If we make a substitution a(t) → aˆ(t) = a(t)eiβ in Eq. (1.33), then
the spaetime has Lorentzian signature (+ - - -) when β = ±nπ, (n = 0, 1, 2, ..),
and has Riemannian signature (++++) when β = ±(2n + 1)π/2, (n = 0, 1, 2, ..).
Let the solution a(t) be in the form aoe
α(t)
. Then the above expression beomes
aˆ(t) = aoe
α(t)+iβ
. We note that interesting physis appears if the time-dependene of
the sale fator is shared also by β; i.e., β = β(t), an assumption onsistent with the
homogeneity and isotropy onditions. Then the signature of the metri hanges when
β varies from 0→ π/2 et. Our ansatz is to replae a(t) in metri (1.33) with
aˆ(t) = a(t)eiβ(t) = aoe
α(t)+iβ(t) ≡ x(t) + i y(t). (3.1)
We further assume that this model of the universe with a omplex sale fator is losed
(i.e.,k = +1) and has a zero energy-momentum tensor (i.e., IM = 0). Thus we start
with a system obeying an ation priniple, where the ation is given by
I =
−1
16πG
∫
(−g)1/2R d4x. (3.2)
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Here
R =
6
N2
(
˙ˆa
aˆ
)2
− 6
aˆ2
, (3.3)
an expression similar to (1.56). Using this and integrating the spae part, we get Eq.
(3.2) as
I = − 3π
4G
∫
N aˆ3

 1
N2
(
˙ˆa
aˆ
)2
− 1
aˆ2

 dt (3.4)
Minimising this ation with respet to variations of N and aˆ and xing the gauge N = 1,
we get the onstraint and the eld equations
(
˙ˆa
aˆ
)2
+
1
aˆ2
= 0 (3.5)
and
2
¨ˆa
aˆ
+
(
˙ˆa
aˆ
)2
+
1
aˆ2
= 0. (3.6)
respetively. With aˆ(t) ≡ x(t) + i y(t) and x0, y0 onstants, these equations may be
solved to get
aˆ(t) = x0 + i (y0 ± t). (3.7)
We an hoose the origin t = 0 suh that aˆ(0) = x0. Relabelling x0 ≡ a0, we get,
aˆ(t) = a0 ± i t. (3.8)
This equation gives the ontour of evolution of aˆ(t) whih is a straight line parallel to
the imaginary axis. At t = 0, this leaves the signature of spaetime Lorentzian but as
t → ∞ it beomes almost Riemannian. This need not reate any oneptual problem
sine here we are onsidering only an unpereived universe with zero energy-momentum
tensor whose existene is our ansatz. (Simple physial intuition would give a signature
`Riemannian at early times and Lorentzian at late' if it was for the physial universe
we live in with matter ontained in it. But in the above, we have a signature hange
in the opposite manner for the unphysial universe devoid of matter and this need
not ontradit our physial intuition). The onnetion with a losed real or physial
universe is obtained by noting from the above that
a2(t) =| aˆ(t) |2= a20 + t2. (3.9)
This is the same equation (2.22) whih governs the evolution of sale fator in the
relativisti era of the Ozer-Taha model [25℄. But in that model, a0 is undetermined;
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as mentioned in Se. 2.4, it is only speulated to be of the order of Plank length. In
our ase, a quantum osmologial treatment to follow in Se. 4.5 reveals that a0 =√
2G/3π ≈ lpl.
3.3 The Real Universe
Separating the real and imaginary parts of (3.5) and (3.6) and ombining them, one
easily obtains the following relations:
a˙2
a2
+
1
a2
= β˙2 +
2
a2
sin2 β, (3.10)
2
a¨
a
+
a˙2
a2
+
1
a2
= 3
(
β˙2 +
2
3a2
sin2 β
)
, (3.11)
β¨ + 2β˙
a˙
a
= 0, (3.12)
and
2β˙
a˙
a
=
1
a2
sin 2β. (3.13)
Also from (3.1) and (3.8), we get
β(t) = tan−1(
±t
a0
) (3.14)
and
β˙(t) =
±a0
a2(t)
=
± cos2 β
a0
. (3.15)
With the help of the last two equations we observe that the real parts of (3.5) and (3.6)
an be rewritten in terms of a = a(t) =| aˆ(t) | as
a˙2
a2
+
1
a2
=
2
a2
− a
2
0
a4
(3.16)
2
a¨
a
+
a˙2
a2
+
1
a2
=
2
a2
+
a20
a4
, (3.17)
whose solution is the same as that obtained in (3.9). We see that the real quantity a(t)
may be onsidered as the sale fator of a nonempty RW universe. Eqs. (3.16) and
(3.17) are appropriate for a losed RW model with real sale fator a and with total
energy density and total pressure given by [See Eqs. (1.34) and (1.35)℄,
ρ˜ =
3
8πG
(
2
a2
− a
2
0
a4
)
, (3.18)
3.3. THE REAL UNIVERSE 35
p˜ = − 1
8πG
(
2
a2
+
a20
a4
)
(3.19)
respetively, whose breakup an be performed in many ways.
Matter and Vauum
First let us assume, as done in [25℄, that
ρ˜ = ρm + ρλ, (3.20)
p˜ = pm + pλ. (3.21)
We write the equations of state in the form
pm = w ρm (3.22)
and
pλ = −ρλ. (3.23)
Solving (3.18) and (3.19) using (3.20)-(3.23), one gets
ρm =
4
8πG(1 + w)
(
1
a2
− a
2
o
a4
)
, (3.24)
ρλ =
1
8πG(1 + w)
[
2(1 + 3w)
a2
+
a20(1− 3w)
a4
]
. (3.25)
For a relativisti matter dominated universe, the matter density and the vauum density
are
ρm,r =
3
8πG
(
1
a2
− a
2
0
a4
)
, (3.26)
ρλ,r =
3
8πG
1
a2
. (3.27)
From (3.17), the ritial density of the real universe is
ρc ≡ 3
8πG
H2 =
3
8πG
(
1
a2
− a
2
o
a4
)
, (3.28)
where H , the value of the Hubble parameter is assumed to oinide with that predited
by the model. (We an see that this is indeed the ase in the present epoh by evaluating
the ombination Hptp ≡
[
a˙
a
]
p
tp for ap ≫ a0, whih is found to be nearly equal to
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unity.) Then the ratios of density to ritial density for matter and vauum energy in
the relativisti era are
Ωm,r ≡ ρm,r
ρc
= 1, (3.29)
Ωλ,r ≡ ρλ,r
ρC
≈ 1 for a(t)≫ a0. (3.30)
For a universe dominated by nonrelativisti matter, the ondition w = 0 may be used
in (3.24) and (3.25). In this ase,
Ωm,nr = 4/3, (3.31)
Ωλ,nr ≈ 2/3 for a(t)≫ a0 (3.32)
It may be noted that (3.26) and (3.27) are the same expressions as those obtained in
[25℄ and (3.29) is their ansatz. But the last two results for the nonrelativisti era are
outside the sope of that model.
Matter, Vauum and Negative Energy
In the above, we have assumed ρ˜ = ρm + ρλ following the example in [25℄. But this
splitup is in no way unique. Equation (3.24) gives ρm = 0 at t = 0. In order to avoid this
less probable result, we assume that the term −(3/8πG)(a20/a4) in ρ˜ is an energy density
appropriate for negative energy relativisti partiles. The pressure p_ orresponding
to this negative energy density ρ_ is also negative. Negative energy densities in the
universe were postulated earlier [55℄. Suh an assumption has the further advantage of
making the expressions for ρm and ρλ far more simple and of onforming to the Chen
and Wu [32℄ presription of a pure a−2 variation of vauum density (though the Chen-
Wu arguments, with a0 identied as the Plank length, are not against the form (3.25)
for ρλ sine the term whih ontains a
2
0/a
4
beomes negligibly small when ompared to
the a−2 ontribution within a few Plank times). Thus we use a modied ansatz in this
regard [instead of (3.20)- (3.23)℄,
ρ˜ = ρm + ρλ + ρ_, (3.33)
p˜ = pm + pλ + p_, (3.34)
pm = w ρm, (3.35)
pλ = −ρλ, (3.36)
p_ =
1
3
ρ_, (3.37)
and
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ρ_ = − 3
8πG
a2o
a4
(3.38)
and solving (3.18) and (3.19) with these hoies, the results are,
ρm =
4
8πG(1 + w)
1
a2
, (3.39)
ρλ =
2(1 + 3w)
8πG(1 + w)
1
a2
(3.40)
so that
Ωm,r ≈ 1 Ωλ,r ≈ 1,
Ωm,nr ≈ 4/3 Ωλ,nr ≈ 2/3 (3.41)
Ω_ ≡ ρ_
ρC
≪ 1
for a(t) ≫ a0. The preditions for Ωm are marginal, though not ruled out by observa-
tions.
Matter, Vauum Energy, Negative Energy and K-matter
Many authors [56, 57, 58℄ seriously onsider the existene of a new form of matter in
the universe (alled K-matter [56℄ - perhaps a stable texture [57℄) with the equation of
state pK = −13ρK and whih dereases as a−2. This leads to the idea of a low density
losed universe [57℄. If we aept this as probable, the predition for Ωm will be well
within the observed range of values. In this ase we inlude a term
3
8πG
K
a2
to the right
hand side of (3.33) so that
ρm =
2
8πG
1
(1 + w)
(2−K)
a2
(3.42)
and
ρλ =
1
8πG
(1 + 3w)
(1 + w)
(2−K)
a2
(3.43)
For a typial value K = 1 [56℄, the preditions for a≫ a0 are
Ωm,r ≈ 1/2, Ωλ,r ≈ 1/2,
Ωm,nr ≈ 2/3, Ωλ.nr ≈ 1/3, (3.44)
Ω_≪ 1, ΩK ≈ 1
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The model makes lear ut preditions regarding the total energy density ρ˜ and total
pressure p˜ as given by (3.18) and (3.19) but the deomposition of these do not follow
from any fundamental priniples, exept for those heuristi reasons we put forward. It
is easy to see that the onservation law for total energy
d(a3ρ˜)
dt
= −p˜ da
3
dt
(3.45)
is obeyed, irrespetive of the ansatze regarding the detailed struture of ρ˜.
3.4 Thermal Evolution and Solution of Cosmologial Prob-
lems
One an see that the solution of osmologial problems mentioned in Se. 2.1 does
not signiantly depend on the split up of ρ˜. Note that in all the above ases, Ωm
is time-independent when a ≫ a0. Not only Ωm, but also all the density parameters
inluding the total density parameter (whih may be dened as Ω˜ ≡ ρ˜/ρc) are onstants
in time. This is not diult to understand: for a ≫ a0, ρ˜ and all other densities vary
as a−2. This, when put in (2.1) tells us that Ω˜ and all other density parameters are
time-independent for large t. Thus there is no atness problem in this model.
Another notable feature is that in all the above ases, we have ρm/ρλ = 2 in the
nonrelativisti era. Thus the model predits that the energy density orresponding
to the osmologial onstant is omparable with matter density and this solves the
osmologial onstant problem too. It an also be seen that aording to the model,
the observed universe haraterised by the present Hubble radius has a size equal to the
Plank length at the Plank epoh and this indiates that the problem with the size of
the universe does not appear here.
Next let us onsider the horizon problem. A neessary ondition for the solution of
this problem before some time ts is given by Eq. (2.3). Using our expression (3.9) for
the sale fator with a0 ≈ lpl, we see that the horizon problem is solved immediately
after the Plank epoh, even if we extend the lower limit of integration in (2.2) to tpl.
For the investigation of other problems, we have to study the thermal evolution of the
universe as envisaged in the model.
The relativisti matter density in the present model [using (3.39) or more generally
(3.42)℄ an be written as
ρm,r =
3
8πG
κ
a2
=
3
8πG
κ
a20 + t
2
, (3.46)
where κ = 1 − K2 is a onstant of the order of unity. Using (1.67) we nd the orre-
sponding temperature
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T =
(
3
8πG
κ
gtotσ
)1/4 ( 1
a20 + t
2
)1/4
, (3.47)
whih is a maximum at t = 0. (In natural units σ = π2/30.) If a0 =
√
2G/3π as
mentioned in Se. 3.2, then T (0) ≈ 0.36 × κ1/4G−1/2, whih is omparable with the
Plank energy and as t→∞, T dereases monotonially.
The above expressions (3.46) and (3.47) may be ompared with the orresponding
expressions in the standard model:
ρs.m. =
3
8πG
1
(2t)2
, (3.48)
Ts.m. =
[
3
8πG
1
gtotσ
.
]1/4 1
(2t)1/2
(3.49)
Assuming that κ1/4 is lose to unity, it an be inferred that the values of ρm,r and
T attained at time t in the standard model are attained at time
√
2t in the present
model. Thus the thermal history in the present model is expeted to be essentially the
same as that in the standard model. But the time-dependene of the sale fator is
dierent in our model; we have a nearly oasting evolution and this helps us to solve
the osmologial problems.
It an now be shown that density perturbations on sales well above the present
Hubble radius an be generated in this model by evaluating the ommuniation distane
light an travel between the Plank time tpl and tdec, the time of deoupling [17℄:
dcomm(tpl, tdec) = ap
∫ tdec
tpl
dt
a(t)
= 0.62 × 106Mp (3.50)
where we have used tdec ≈ 1013s, the same as that in the standard model, an assumption
whih is justiable on the basis of our reasoning made before regarding thermal history.
Thus the evolution in our ase has the ommuniation distane between tpl and tdec muh
larger than the present Hubble radius and hene it an generate density perturbations
on sales of that order. [See Eq. (2.12).℄ It is interestng to note that Liddle [17℄
has preluded oasting evolution as a viable means to produe suh perturbations and
argued that only ination (a¨ > 0) an perform this task, thus "losing the loopholes" in
the arguments of Hu et al. [16℄. But it is worthwhile to point out that his observations
are true only in a model whih oasts from tpl to tnuc and thereafter evolves aording
to the standard model (See Se. 2.2). In our ase, the evolution is oasting throughout
the history of the universe (exept during the Plank epoh) and hene his objetion is
not valid.
A bonus point of the present approah, when ompared to standard and inationary
models may now be noted. In these models, the ommuniation distane between
tnuc and tdec, or for that matter the ommuniation distane from any time after the
prodution of partiles (assuming this to our at the end of ination) to the time
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tdec will be only around 200h
−1
Mp [17℄. Thus density perturbations on sales above
the Hubble radius annot be generated in these models in the period when matter is
present. This is beause ination annot enhane the ommuniation distane after
it. The only means to generate the observed density perturbations is then to resort to
quantum utuations of the inaton eld. The present model is in a more advantageous
position than the inationary models in this regard sine the ommuniation distane
between tnuc and tdec in this ase is
dcomm(tnuc, tdec) = ap
∫ tdec
tnuc
dt
a(t)
= 4.35× 1029m = 1.45 × 105Mp (3.51)
whih is again muh greater than the present Hubble radius. So we an onsider the
generation of the observed density perturbations as a late-time lassial behaviour too.
It an be seen that entropy is produed at the rate
dS
dt
= 4π2
3κ
8πG
[
8πG
3
gtotσ
κ
]1/4 t
(a20 + t
2)1/4
(3.52)
whih enables the solution of osmologial problems.
Lastly, the present monopole density predited in this ase an be seen to be [See
Eq. (2.6)℄
nmonopole(tP ) ≈ 3
4π
a−3(tp) ≈ 3
4π
× 10−84m−3 (3.53)
so that
ρmonopole ≈ 3
2π
× 10−92g m−3 (3.54)
This is very lose to that estimated in [25℄, and is negligibly smaller than the ritial
density. Thus the monopole problem is solved also in this ase.
Irrespetive of the ase we are onsidering, the model is nonsingular and there is no
singularity problem. The solution of the age problem is also generi to the model. It may
be noted that the model orretly predits the value of the ombination Hptp ≈ 1. This
plaes the present theory in a more advantageous position than the standard at and
the inationary models with a zero osmologial onstant, where this value is predited
to be equal to 2/3, whih is not in the range of reently observed values.
Another interesting feature is that sine the expansion proess is reversible and the
basi equations are time reversal invariant, we an extrapolate to t < 0. This yields an
earlier ontrating phase for the universe. Suh a phase was proposed by Lifshitz and
Khalatnikov [59℄. If there was suh an initial phase, ausality ould have established
itself muh earlier than the time predited in [25℄.
The model predits reation of matter at present with a rate of reation per unit
volume given by
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1
a3
d(a3ρm)
dt
|p = ρm,p Hp, (3.55)
where ρm,p is the present matter density. In arriving at this result, we have made use of
the assumption of a nonrelativisti matter dominated universe. Note that the reation
rate is only one third of that in the steady-state osmology [5℄. Sine the possibility of
reation of matter or radiation at the required rate annot be ruled out at the present
level of observation [32℄, this does not pose any serious objetion.
3.5 Alternative Approah
We present an alternative model to the above without resorting to any omplex metri,
while preserving all the positive features of the physial universe envisaged in it, exept
the avoidane of singularity. We do this by modifying the Chen-Wu argument (See
Se. 2.4) to inlude the onserved total energy density ρ˜ of the universe in plae of the
vauum density and this again brings in some fundamental issues whih need serious
onsideration. If the Chen-Wu ansatz is true for ρλ, then it should be true for ρ˜ too. In
fat, this ansatz is better suited for ρ˜ rather than ρλ sine the Plank era is haraterised
by the Plank density for the universe, above whih quantum gravity eets beome
important. Hene one an generalise (2.30) to write
ρ˜ = A
c5
h¯G2
(
lpl
a
)n
(3.56)
where A is a dimensionless proportionality onstant. When ρ˜ is the sum of various
omponents and eah omponent is assumed to vary as a power of the sale fator a,
then the Chen-Wu argument an be applied to onlude that n = 2 is a preferred hoie
for eah omponent. Violating this will fore the inlusion of h¯ -dependent terms in ρ˜,
whih would look unnatural in a lassial theory. Not only for the Chen and Wu model,
in all of Friedmann osmologies, this argument may be used to forbid the inlusion of
substantial energy densities whih do not vary as a−2 in the lassial epoh.
At rst sight, this may appear as a grave negative result. But enouraged by our
results in the previous setions, we proeed to the next logial step of investigating the
impliations of an a−2 variation of ρ˜. If the total pressure in the universe is denoted
as p˜, the above result that the onserved quantity ρ˜ in the Friedmann model varies
as a−2 implies ρ˜ + 3p˜ = 0. This will lead to a oasting osmology. Components with
suh an equation of state are known to be strings or textures [57℄. Though suh models
are onsidered in the literature, it would be unrealisti to onsider our present universe
as string dominated. A ruial observation whih makes our model with ρ˜ varying
as a−2 realisti is that this variation leads to string domination only if we assume ρ˜
to be uniomponent. Instead, if we assume that ρ˜ onsists of parts orresponding to
relativisti/ nonrelativisti matter and a time-varying osmologial onstant, i.e., if we
assume
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ρ˜ = ρm + ρλ, p˜ = pm + pλ, (3.57)
then the ondition ρ˜+ 3p˜ = 0 will give
ρm
ρλ
=
2
1 + 3w
(3.58)
In other words, the modied Chen-Wu ansatz leads to the onlusion that if the universe
ontains matter and vauum energies, then vauum energy density should be ompa-
rable to matter density. This, of ourse, will again lead to a oasting osmology, but a
realisti one when ompared to a string dominated universe.
ρm or ρλ, whih varies as a
−2
, may sometimes be mistaken for strings but it should
be noted that the equations of state we assumed for these quantities are dierent from
that for strings and are what they ought to be to orrespond to matter density and
vauum energy density respetively. It is true that omponents with equations of state
p = w ρ should obey ρ ∝ a−3(1+w), but this is valid when those omponents are
separately onserved. In our ase, we have only assumed that the total energy density
is onserved and not the parts orresponding to ρm and ρλ separately. Hene there an
be reation of matter from vauum, but again the present reation rate is too small to
make any observational onsequenes.
The solution to the Einstein equations in a Friedmann model with ρ˜ + 3p˜ = 0, for
all the three ases k = 0,±1, is the oasting evolution
a(t) = ±mt (3.59)
where m is some proportionality onstant. The total energy density is then
ρ˜ =
3
8πG
(m2 + k)
a2
. (3.60)
Comparing this with (3.56) (with n=2), we get m2 + k = 8πA/3.
The predition regarding the age of the universe in the model is obvious from Eq.
(3.59). Irrespetive of the value of m, we get the ombination Hptp as equal to unity,
whih is well within the bounds. Thus there is no age problem in this model. We an
legitimately dene the ritial density as ρc ≡ (3/8πG)(a˙2/a2), so that equation (3.60)
gives
Ω˜ ≡ ρ˜
ρc
=
(
1− 3k
8πA
)−1
(3.61)
As in the standard model, we have Ω˜ = 1 for k = 0 and Ω˜ > 1 (< 1) for k = +1
(k = −1). But unlike the standard model, Ω˜ is a onstant. Also for A greater than or
approximately equal to 1, we have Ω˜ lose to unity for all values of k. Using equation
(3.57) and (3.58), we get
3.5. ALTERNATIVE APPROACH 43
Ωm ≡ ρm
ρc
=
2Ω˜
3(1 + w)
, Ωλ ≡ ρλ
ρc
=
(1 + 3w)Ω˜
3(1 + w)
(3.62)
It is lear that we regain our model in the previous setion when m = 1 and k = +1.
In that speial ase, A = 3/4π and the present alternative model is preisely the same
as the former, exept for the initial singularity and the evolution in the Plank epoh.
But even when A is not exatly equal to 3/4π and is only of the order of unity, the
thermal evolution is almost idential and the absene of osmologial problems is generi
to these models.
44 CHAPTER 3. THE NEW MODEL
Chapter 4
Quantum Cosmology
Among the fundamental interations of nature, gravity stands alone; it is linked to
geometry of spaetime by GTR while the other interations are desribable by quantum
elds whih propagate in a `bakground spaetime'. Another reason is that whereas
quantum eld theory assumes a preferred time oordinate and a previlaged lass of
observers, GTR demands equivalene among all oordinate systems. Also in quantum
theory, there is the issue of `observation': the quantum system is supposed to interat
with an external observer who is desribed by lassial physis, but suh notions are
alien to GTR. To sum up, we an say that till now these two major physial theories
remain disunited. Quantum gravity is an attempt to reonile them. It is not yet lear
what a quantum theory of gravity is, and there are several diretions pursued in this
regard. Perhaps the simplest appliation of quantum gravity is in osmology. The most
well studied approah in quantum osmology is the anonial quantisation in whih one
writes a wave equation for the universe, analogous to the Shrodinger equation. This
proedure requires a Hamiltonian formulation of GTR. In this hapter, we present a
brief review of quantum osmology and then apply the formalism to the osmologial
models disussed in the last hapter.
4.1 Hamiltonian Formulation of GTR
In Se. 1.1, we obtained the gravitational Lagrangian density as a funtion of N , Nµ
and hµν as
L(N,Nµ, hµν) = −
√
hN
16πG
(K2 −KµνKµν −3R). (4.1)
The extrinsi urvature Kµν involves time derivatives of hµν and spatial derivatives
of Nµ. The three-urvature
3R involves only spatial derivatives of hµν . Sine the La-
grangian density does not ontain time derivatives of N or Nµ, the momenta onjugate
to N and Nµ vanish:
45
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π ≡ δL
δN˙
= 0, (4.2)
πµ ≡ δL
δN˙µ
= 0. (4.3)
These expressions are alled primary onstraints. The momenta onjugate to hµν are
πµν ≡ δL
δh˙µν
=
√
h
16πG
(Kµν − hµνK). (4.4)
The gravitational anonial Hamiltonian for a losed geometry an now be formed as
Hc =
∫
(πµν h˙µν + π
µN˙µ + πN˙ − L) d3x. (4.5)
As usual for the Hamiltonian theory, one removes h˙µν , N˙µ and N˙ and express Hc
in terms of the oordinates N , Nµ and hµν and the onjugate momenta π, πµ and πµν .
Sine the primary onstraints π = πµ = 0 hold at all times, we have π˙ = π˙µ = 0.
Writing the Poisson brakets for π˙ and π˙µ, we nd
π˙ = {Hc, π} = δHc
δN
= 0, (4.6)
π˙µ = {Hc, πµ} = δHc
δNµ
= 0. (4.7)
When generalised to inlude the matter variables and their onjugate momenta, these
expressions give the seondary onstraints, whih are formally equivalent, respetively,
to the time-time and time-spae omponents of the lassial Einstein eld equations.
The arena in whih the lassial dynamis takes plae is alled `superspae', the
spae of all three-metris and the matter eld ongurations on a three-surfae [4℄.
This involves an innite number of degrees of freedom and hene to make the problem
tratable, all but a nite number of degrees of freedom must be frozen out. The resulting
nite dimensional superspae is known as a `minisuperspae'. In the following, we
onsider a minisuperspae model in whih the only degrees of freedom are those of the
sale fator a of a losed RW spaetime and a spatially homogeneous salar eld φ. The
Lagrangian for this problem is given by (1.58) with k = +1; i.e.,
L = − 3π
4G
N
[
aa˙2
N2
− a− 8πG
3
(
φ˙2
2N2
− V (φ)
)
a3
]
, (4.8)
from whih we nd the onjugate momenta πa and πφ as
πa =
∂L
∂a˙
= − 3π
2G
aa˙
N
(4.9)
and
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πφ =
∂L
∂φ˙
= 2π2
a3φ˙
N
. (4.10)
The anonial Hamiltonian an now be onstruted as
Hc = πaa˙+ πφφ˙− L
= N
[
− G
3π
π2a
a
− 3π
4G
a+
3π
4G
a3
(
G
3π3
π2φ
a6
+
8πG
3
V (φ)
)]
≡ NH. (4.11)
The seondary onstraint (4.6) now give
H = − G
3π
π2a
a
− 3π
4G
a+
3π
4G
a3
(
G
3π3
π2φ
a6
+
8πG
3
V (φ)
)
= 0, (4.12)
whih is equivalent to (1.53). For the RW spaetime whih ontains only a osmologial
onstant, (1.59) helps us to write the onstraint equation as
H = − G
3π
π2a
a
− 3π
4G
a+
3π
4G
a3
8πG
3
ρλ = 0. (4.13)
This equation is equivalent to (1.47). In all ases, H is independent of the lapse
N and shift Nµ and thus the latter quantities are Lagrange multipliers (as mentioned
towards the end of Se. 1.1) and not dynamial variables. Stated in a dierent way,
the fat that H = 0 is a onsequene of a new symmetry of the theory, namely, time
reparametrisation invariane. This means that using a new time variable t′ suh that
dt′ = N dt will not aet the equations of motion. Also this enables one to hoose some
onvenient gauge for N , a proedure we adopt on several oasions. The onstraint
equation gives the evolution of the true dynamial variable hµν (a in the above examples)
and an be used in plae of the Hamilton equations.
4.2 Wheeler-DeWitt Equation
Canonial quantisation of a lassial system like the one above means introdution of a
wave funtion Ψ(hµν , φ) [4, 60, 61℄ and requiring that it satises
i
∂Ψ
∂t
= HcΨ = NHΨ. (4.14)
To ensure that time reparametrisation invariane is not lost at the quantum level, the
onventional pratie is to ask that the wave funtion is annihilated by the operator
version of H; i.e.,
HΨ = 0. (4.15)
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But some other authors [62℄ argue that by dening a new variable τ suh thatN dt = dτ ,
one an retain the form (4.14); i.e.,
i
∂Ψ
∂τ
= HΨ (4.16)
and the resulting quantum theory will still be reparametrisation invariant. However, in
the following we use the more onventional form (4.15), whih is alled the Wheeler-
DeWitt (WD) equation.
This equation is analogous to a zero energy Shrodinger equation, in whih the dy-
namial variables hµν , φ et. and their onjugate momenta πµν , πφ et. (generally
denoted as qα and pα, in the respetive order) are replaed by the orresponding oper-
ators. The wave funtion Ψ is dened on the superspae and we expet it to provide
information regarding the evolution of the universe. An intriguing fat here is that the
wave funtion is independent of time; they are stationary solutions in the superspae.
The wave funtions ommonly arising in quantum osmology are of WKB form and
may be broadly lassied as osillatory, of the form eiS or exponential, of the form e−I .
The osillatory wave funtion predits a strong orrelation between qα and pα in the
form
pα =
∂S
∂qα
. (4.17)
S is generally a solution to the Hamilton-Jaobi equations. Thus the wave funtion
of the form eiS is normally thought of as being peaked about a set of solutions to the
lassial equations and hene predits lassial behaviour. A wave funtion of the form
e−I predits no orrelation between oordinates and momenta and so annot orrespond
to lassial behaviour.
In a minisuperspae, one would expet Ψ to be strongly peaked around the trajeto-
ries identied by the lassial solutions. But these solutions are subjet to observational
veriation, at least in the late universe so that a subset of the general solution an
be hosen as desribing the late universe. Now the question is whether the solution
to the WD equation an disern this subset too. But it shall be noted that, just like
the Shrodinger equation, the WD equation merely evolves the wave funtion and there
are many solutions to it. To pik one solution, the normal pratie is to speify the
initial quantum state (boundary ondition). These boundary onditions, through the
wave funtion, therefore set initial onditions for the solution of lassial equations.
Then one may ask whether or not the ner details of the universe we observe today are
onsequenes of the hosen theory of initial onditions.
In the simple example of the RW spaetime whih ontain only a osmologial
onstant, Ψ is dened on the minisuperspae with one dimension in the variable a. We
replae πa → i d/da in (4.13) to write the WD equation as[
d2
da2
− 9π
2
4G2
(
a2 − 8πG
3
ρλa
4
)]
Ψ(a) = 0. (4.18)
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The fator ordering in the operator replaement in (4.13) is ambigous. For many hoies
of fator ordering, the eet an be parametrised by a onstant r and the orresponding
Hamiltonian operator is obtained by the substitution
π2a → −a−r
(
∂
∂a
ar
∂
∂a
)
. (4.19)
The hoie in (4.18) orresponds to r = 0. But it will not signiantly aet the
semilassial alulations and hene we hoose the form in (4.18) for onveniene. In
this form the WD equation resembles a one-dimensional Shrodinger equation written
for a partile with zero total energy, moving in a potential
U(a) =
9π2
4G2
(
a2 − 8πG
3
a4ρλ
)
. (4.20)
Let us now dene
a0 ≡
(
8πG
3
ρλ
)−1/2
. (4.21)
In the partile analogy, there is a forbidden region for the zero energy partile in the
intervel 0 < a < a0 and a lassially allowed region for a > a0. The WKB solutions of
(4.18) in the lassially allowed region a > a0 are
Ψ±(a) = π
−1/2
a exp
[
±i
∫ a
a0
πa′da
′ ∓ iπ/4
]
, (4.22)
where πa = [−U(a)]1/2. In the forbidden region the solutions are
Ψ¯±(a) =| πa |−1/2 exp
[
±
∫ a0
a
| πa′ | da′
]
. (4.23)
For a≫ a0, we have
− i d
da
Ψ±(a) ≈ ±πaΨ±(a). (4.24)
Thus Ψ− and Ψ+ desribe, respetively, an expanding and ontrating universe. It
is now that we impose boundary onditions and dierent boundary onditions lead to
dierent preditions. Some of suh well-motivated proposals for the boundary onditions
are by Hartle-Hawking, Vilenkin and Linde [48, 63, 64℄.
4.3 Boundary Condition Proposals
The Hartle-Hawking `no boundary' boundary ondition [48℄ is expressed in terms of
a Eulidean path integral. The orresponding wave funton, in the present ase, is
speied by requiring that it is given by exp(−IE) in the under barrier regime, where
IE is the Eulidean ation. This gives
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ΨH(a < a0) = Ψ¯−(a), (4.25)
ΨH(a > a0) = Ψ+(a)−Ψ−(a). (4.26)
This orresponds to a real wave funtion with equal mixture of expanding and
ontrating solutions in the lassially allowed region. Linde's wave funtion [63℄ is
obtained by reversing the sign of the exponential in the Eulidean regime;
ΨL(a < a0) = Ψ¯+(a), (4.27)
ΨL(a > a0) =
1
2
[Ψ+(a) + Ψ−(a)] . (4.28)
Vilenkin's `tunneling boundary ondition' [64℄ gives a purely expanding solution for the
lassial regime
ΨT (a > a0) = Ψ−(a) (4.29)
and the under-barrier wave funtion is
ΨT (a < a0) = Ψ¯+(a)− i
2
Ψ¯−(a). (4.30)
The growing exponential Ψ¯−(a) and the dereasing exponential Ψ¯+(a) have omparable
amplitudes at a = a0, but away from that point the dereasing exponential dominates.
This, he desribes as reation of the universe from `nothing'.
This quantisation sheme is applied to spaetimes whih ontain salar elds. The
attempt is to examine the possibility of emergene of a semilassial phase from the
quantum osmologial era, whih ontains a salar eld with the required initial ondi-
tions for ination to our. On using the Hartle-Hawking wave funtion, the probability
for tunneling from a = 0 to a = a0 is given by
PH ∝ e−IE . (4.31)
Under the Vilenkin tunneling boundary ondition,
PL ∝ e−|IE |. (4.32)
If the potential of the salar eld has several extrema, then using the latter presription,
tunneling favours the maximum with largest value of V (φ) (whih is advantageous for
ination) whereas the former presription favours the minimum with the smallest value
of the potential. However, all these authors agree that these proposals may be ritiised
on the grounds of lak of generality or lak of preision [60, 61℄.
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4.4 Quantisation of the New Physial Models
Quantisation of the models disussed in Ch. 3 involves a slight paradigm shift: we
do not have ination and also our models always ontain matter along with vauum
energy. Though our prototype model is the one with zero energy-momentum tensor and
a omplex sale fator, we postpone the disussion on that to the next setion. First
we onsider our oasting model disussed in Se. 3.5, with total energy density varying
as a−2.
We adopt the approah of Fil'henkov [65℄, who has onsidered the WD equation for
at, losed and open universes whih allow for some kind of matter other than vauum.
He generalises the potential U(a) given by (4.20) for ρλ= onstant by writing the energy
density for the universe in the form
ρ˜ = ρpl
6∑
n=0
Bn
(
lpl
a
)n
. (4.33)
Here n = 3(1+w).This is a superposition of partial energy densities of various kinds of
matter at Plankian densities, eah one of them being separately onserved. The kinds
of matter inluded are
n = 0 (w = −1) vauum,
n = 1 (w = −2/3) domain walls,
n = 2 (w = −1/3) strings,
n = 3 (w = 0) dust,
n = 4 (w = 1/3) relativisti matter,
n = 5 (w = 2/3) bosons and fermions,
n = 6 (w = 1) ultra sti matter,
(4.34)
The WD equation is now written as
[
d2
da2
− U(a)
]
Ψ = 0, (4.35)
with the generalised form of the potential (4.20)
U(a) =
9π2
4G2
(
ka2 − 8πG
3
a4ρ˜
)
. (4.36)
We too proeed along similar lines, but rst onsidering only a single onserved
omponent at a time. It shall be noted that the onstraint (1.34) and eld equations
(1.35) for an energy density ρ = Cn/a
n
with equation of state (1.39) (where w = n3 −1)
are obtainable from the Lagrangian
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L = 2π2a3N
[
− 1
16πG
(
6
N2
a˙2
a2
− 6k
a2
)
− Cn
an
]
(4.37)
by writing the Euler-Lagrange equation orresponding to variation with respet to N
and a. The Hamiltonian is
H = − G
3π
π2a
a
− 3π
4G
ka+
3π
4G
a3
8πG
3
Cn
an
= 0 (4.38)
and the WD equation in this ase an be written as
[
d2
da2
− 9π
2
4G2
(
ka2 − 8πG
3
a4−nCn
)]
Ψn(a) = 0. (4.39)
For n > 2, lassially there is a forbidden region for a > a0, whereas the allowed region
is for a < a0; a0 ≡ [(8πG/3)Cn]1/(n−2). We see that for the speial ase with n = 2, the
WD equation redues to
[
d2
da2
− 9π
2
4G2
a2
(
k − 8πG
3
C2
)]
Ψ = 0. (4.40)
With C2 = (3/8πG)(m
2 + k), this orresponds to the energy density (3.60) advoated
by us. In this ase, the WD equation is simply
[
d2
da2
+
9π2
4G2
a2m2
]
Ψ = 0. (4.41)
It is lear that Ψ is osillatory for all values of a. If we hoose the fator ordering
orresponding to r = −1 [instead of r = 0: See Eq. (4.19)℄ in the above, we have
[
d2
da2
− 1
a
d
da
+
9π2
4G2
a2m2
]
Ψ = 0, (4.42)
whih has an exat solution
Ψ(a) ∝ exp
(
±i 3π
4G
ma2
)
. (4.43)
It is of interest to note that if we dene Ψ ≡ eiS in the above, S satises the Hamilton-
Jaobi equation
(
dS
da
)2
+ U(a) = 0, (4.44)
where U(a) = −(9π2/4G2)a2m2. The lassial onstraint in this ase is π2a +U(a) = 0.
This invites the identiation
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π2a =
(
dS
da
)2
=
9π2
4G2
a2m2. (4.45)
Using this in our denition πa ≡ ∂L/∂a˙ = −(3π/2G)aa˙ [as in (4.9), with N = 1℄,
we get a˙ = ±m, from whih the oasting evolution is regained. Thus the osillatory
wave funtion is strongly peaked about the singular oasting evolution throughout the
history of the universe.
Now let us turn to the physial universe with total energy density ρ˜ given by (3.18).
Clearly the eld equation and onstraint (3.17) follow from the Lagrangian
L =
3π
4G
(
− a˙
2a
N2
− a+ a
2
0
a
)
. (4.46)
The Hamiltonian is
H = − G
3π
π2a
a
+
3π
4G
(
a− a
2
0
a
)
= 0, (4.47)
so that the WD equation, with fator ordering r = 0, is
[
d2
da2
− 9π
2
4G2
(
a20 − a2
)]
Ψ = 0. (4.48)
The potential in this ase indiates that a < a0 is a lassially forbidden region. The
lassial ation
∫
L dt onstruted using (4.46) in this under-barrier region an be seen
to be
S = i
3π
2G
a20{
1
2
cos−1
(
a
a0
)
− 1
4
sin 2
[
cos−1
(
a
a0
)]
}, (4.49)
whih is pure imaginary. It an be seen that for a≪ a0, eiS satises the WD equation.
Similarly for the region a > a0, the lassial ation is evaluated as
S =
3π
2G
[(
a2 − a20
)1/2
a− a20 cosh−1
(
a
a0
)]
(4.50)
whih is real. Also in this ase, eiS is a solution for a≫ a0. Using a reasoning like that
in the ase of (4.43), we an regain the solution (3.9) in both ases.
4.5 Quantisation of the Complex, Soure-free Model
Lastly, we quantise the model with omplex sale fator and zero energy-momentum
tensor [54℄ and show that this model has the orret lassial orrespondene with
the lassial trajetory. From (3.4), the Lagrangian for the problem is obtained as
L = −(3π/4G)
(
˙ˆa
2
aˆ− aˆ
)
. The onjugate momentum to aˆ is
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πaˆ =
∂L
∂ ˙ˆa
= − 3π
2G
aˆ ˙ˆa. (4.51)
The Hamiltonian is
H = − G
3π
π2aˆ
aˆ
− 3π
4G
aˆ. (4.52)
The onstraint equation H = 0 has the orresponding WD equation
(H− ǫ)Ψ(aˆ) = 0 (4.53)
where we have made a modiation suh that an arbitrary real onstant ǫ is introdued
to take aount of a possible energy renormalisation in passing from the lassial on-
straint to its quantum operator form, as done by Hartle and Hawking in [48℄. It shall
be noted that this equation is still reparametrisation invariant. Choosing the operator
ordering for the sake of simpliity of the solution, we get,
d2Ψ(aˆ)
daˆ2
− ( 9π
2
4G2
aˆ2 +
3π
G
ǫaˆ)Ψ(aˆ) = 0 (4.54)
Making a substitution Sˆ =
√
3π/2G [aˆ+ (2G/3π)ǫ], this beomes,
d2Ψ(Sˆ)
dSˆ2
+ (
2G
3π
ǫ2 − Sˆ2)Ψ(Sˆ) = 0. (4.55)
The wave equation has ground state harmoni osillator type solution for ǫ =
√
3π/2G:
Ψ(aˆ) = N exp

− 3π
4G

aˆ+
√
2G
3π


2

 . (4.56)
This is nonnormalisable, but it is not normal in quantum osmology to require that the
wave funtion should be normalised [60℄. Our hoie is further justied by noting that
the probability density
Ψ⋆Ψ = N 2 exp
(
3π
2G
y2
)
exp

− 3π
2G

x+
√
2G
3π


2

 (4.57)
is sharply peaked about the lassial ontour given by Eq. (3.8), whih is a straight line
parallel to the imaginary axis with x remaining a onstant. We an identify a0 with
the expetation value of x;
a0 ≡< x >= −
√
2G
3π
(4.58)
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so that | a0 |≈ lpl, whih is the desired result. The exp
[
(3π/4G) y2
]
part of the wave
funtion is harateristi of a Riemannian spae-time with signature (+ + + + ). This
is preisely the feature we should expet to orrespond to the imaginary part in the
sale fator.
The lassial orrespondene an be made more expliit by making an argument
similar to that made in Se. 4.4. The lassial Hamiltonian onstraint equation in this
ase is
π2aˆ +
9π2
4G2
aˆ2 = 0. (4.59)
Dening the above wave funtion (4.56) as Ψ(aˆ) ≡ eiS , we note that S satises the
Hamilton-Jaobi equation
(
dS
da
)2
+
9π2
4G2

aˆ+
√
2G
3π


2
= 0 (4.60)
Comparing these two equations, we see that eiS is strongly peaked about the lassial
solution, for large aˆ when ompared to the Plank length.
Thus the result obtained on quantisation is that the simplest minimum energy wave
funtion is sharply peaked about the lassial ontour of evolution of aˆ, just like the
ground state harmoni osillator wave funtion in quantum mehanis is peaked about
the lassial position of the partile. But we welome the important dierene with
this analogy; ie., the quantum mehanial system in our ase is not loalised. In fat,
the wave funtion is not normalisable along the imaginary axis. If it was with real
sale fator, the exponential growth of the wave funtion would orrespond to some
lassially forbidden region, but in this ase, we have the nonnormalisable part for the
wave funtion along the imaginary axis; this result is just what we should expet sine it
orresponds to our lassial system and annot be termed as `lassially forbidden'. The
most signiant fat is that the quantum osmologial treatment helps us to predit the
value of a0, the minimum radius in the nonsingular model as ompared to the Plank
length.
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Chapter 5
Reprise
5.1 Comparison of Solutions
For the purpose of omparison with the solution of Einstein equations in the new os-
mologial model, we take a loser look at the ourrene of ination mentioned in Se.
2.3. In the salar eld model desribed by (1.53) -(1.55), we see that the eld equa-
tions (1.54) and (1.55) are seond order partial dierential equations, whose solution
involves initial values of four quantities a, a˙, φ and φ˙. The onstraint equation (1.53)
onnets rst derivatives and hene the number of arbitrary parameters in the theory
gets redued to three. The ourrene of ination in this system is not generi; it de-
pends ruially on several fators [60℄. First of all, the potential V (φ) should be of the
inationary type; i.e., that for some range of values of φ, V (φ) should be large and
| dV (φ)dφ /V (φ) |≪ 1. For the subset of k = +1 solutions, ination ours only when the
initial value of φ˙ ≈ 0. It is argued that quantum osmology provides suh initial ondi-
tions favourable for ination to our, by the hoie of proper boundary onditions. In
this ase, the osmologial wave funtion is peaked around the trajetories dened by
a˙ ≈
[
8πG
3
a2V (φ)
]1/2
≫ 1, φ˙ ≈ 0. (5.1)
Then the number of free parameters are redued to two. Integrating the above equations
give
a ≈ exp


√
8πG
3
V 1/2(t− t0)

 , φ ≈ φ0 = onstant (5.2)
Here t0 and φ0 are the two arbitrary onstants parametrising this set of solutions. The
onstant t0 is in fat irrelevant, beause it is the origin of the unobservable parameter
time. However, this solution is inationary.
Let us ontrast this situation with the solution of the system desribed by (3.5)
and (3.6). The omplex eld equation (3.6) is in fat a set of two seond order partial
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dierential equations and involves four free parameters. But also the onstraint equation
ontains two rst order equations:
x˙ = 0, y˙ = ±1 (5.3)
This helps us to obtain the desired solution aˆ = a0 ± it, whih orresponds to the
nonsingular physial model, as a general one and without resorting to quantum os-
mology. Sine t0 is irrelevant, a0 is eetively the only free parameter in the lassial
theory. Quantum osmology, in fat, allows us to predit this value too, as omparable
to Plank length. This predition is not in the way a0 is identied in the onventional
quantum osmologial theories mentioned in Se. 4.3 or in our own models disussed in
Se. 4.4. In these ases, a0 an be reado from the potential itself and is not obtained
as an expetation value using the wave funtion.
Another feature that distinguishes our quantum osmologial treatment is that we
are not imposing any adho boundary onditions; we only look for an exat solution to
the WD equation. This proedure is quite similar to the solution of harmoni osillator
problem in ordinary quantum mehanis. In this sense, introdution of a zero point
energy in the WD equation (4.53) is justiable. However, we adopt the point of view
that the vanishing of the lassial Hamiltonian an be taken are of by restriting the
solution to that orresponding to the minimum energy. It is of interest to note that this
minimum (zero point) energy is ǫ = (3π/2)1/2ǫpl where ǫpl is the Plank energy. That
is, the total energy of the universe is not zero; it is the Plank energy - apart from a
numerial fator.
At this point, it is worth while to point out that the total positive energy (matter,
vauum et.) ontained in the losed real universe at t = 0, evaluated using (3.18) and
(4.58) is also equal to ǫ. The negative energy ontributes a value −ǫ/2 so that the total
energy is ǫ/2. (This, of ourse, does not inlude the gravitational energy).
Coming bak to the solution of the omplex eld equation (3.6), we may now state
why we assumed k = +1 and did not onsider the k = 0 and k = −1 ases. It an be
seen that if we require the omplex spaetime and the orresponding physial universe
to have the same value of k, then the k = 0, −1 ases are unsuitable to desribe the
universe we livein. For k = 0, the onstraint equation gives x˙ = 0, y˙ = 0, whih leads
to a stati universe. For k = −1, it is true that we get a solution aˆ = ±t + ia0 from
whih | aˆ |2= a20 + t2 is obtainable. But in this ase, the physial universe has to obey
the equation
a˙2
a2
− 1
a2
= −a
2
0
a4
; (5.4)
i.e., the physial universe ontain only the negative energy density. For these reasons,
we do not onsider these two possibilities as viable and set k = +1 at the outset.
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5.2 Coasting Evolution
The physial models we obtain in both approahes (Ses. 3.2, 3.5) have oasting evo-
lution. In the latter model, it is oasting throughout the history and in the former,
it oasts when the universe is a few Plank times or more old. Historially, the rst
oasting osmologial model is the Milne universe. To understand this model, rst
onsider a two dimensional at spaetime given in oordinates (t,X) with the met-
ri ds2 = dt2 − dX2. Let the worldline L0 be the line X = 0. By repeatedly using
the Lorentz boost orresponding to some small veloity ∆V0, a family of worldlines
whih all pass through O an be generated. A model in whih these are the worldlines
of fundamental observers represents an expanding universe obeying the osmologial
priniple. All the fundamental observers are equivalent to eah other and beause the
worldline L0 is a straight line representing inertial motion, the same is true for other
worldlines too. Sine the Lorentz boost is repeated innitely often, an innite number
of worldlines are obtained by this onstrution. A four dimensional analogue of this
model is usually referred to as Milne universe. This is a at spae osmologial model,
not inorporating the eets of gravitation [66, 67℄. Alternatively, it is desribed by a
at, empty spaetime having a RW metri with k = −1, a(t) = t and q = 0.
Coasting osmologies are enountered in many situations inluding non-Einstein
theories of gravitation ([67℄ and referenes therein. In the Friedmann models itself, it is
easy to see from (1.38) that oasting evolution results when ρ+3p = 0, our models being
examples. The quantity ρ + 3p is sometimes referred to as gravitational harge. An
interesting property of suh spaetimes was reently pointed out by Dadhih et al. [68℄.
They resolve the Riemann tensor, whih haraterises the gravitational eld into eletri
and magneti parts, in analogy with the resolution of the eletromagneti eld. It an
be seen that the eletri part is aused by mass-energy while the magneti part is due to
motion of the soure. But unlike other elds, gravitation has two kinds of harges; one is
the usual mass-energy and the other is the gravitational eld energy. Consequently, also
the eletri part is deomposed into an ative part, whih is Coulombi and a passive
part, whih produes spae urvature. An interhange of ative and passive eletri parts
in the Einstein equation, whih is referred to as eletrogravity duality transformation,
is shown to be equivalent to the interhange of Rii and Einstein urvatures. These
authors show that under this transformation, spaetimes with ρ+3p = 0 go over to at
spaetime; i.e., they are dual to eah other.
Absene of a partile horizon, agreement with the predited age of the universe et.
in a oasting evolution are well known, but sine it is usually onsidered as a feature
of spaetimes ontaining only some exoti matter like strings, textures et., this most
simple osmologial senario is not given serious attention in the literature. The Ozer-
Taha model is oasting, but only upto the relativisti era and deviates from it after
that epoh. Our physial model demonstrates that a oasting evolution throughout the
history of the universe is a promising ontender to a realisti osmologial model, whih
resolves all outstanding problems in the standard osmology and at the same time not
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making too drasti modiations to it.
5.3 Avoidane of Singularity
The physial model obtained in Se. 3.3 is a boune solution from a previous ollapse,
rather than an explosion from a big bang singularity. Suh a boune is sometimes
referred to as a `Tolman wormhole' [69, 70℄. Osillating universes have somewhat similar
features and were onsidered as alternatives to the big bang osmologies in the earlier
literature, but interest in suh ylial evolution delined after the rst osmologial
singularity theorems. Reently, the quasi-steady state theory [71℄ revives this senario.
An analysis of boune solutions reveals that the absolute minimum requirement for this
to our is the violation of (only) the strong energy ondition (SEC). The various energy
onditions, in the ontext of Friedmann models are the following [69℄:
Null energy ondition (NEC) ⇔ ρ+ p ≥ 0
Weak energy ondition (WEC) ⇔ ρ ≥ 0 and ρ+ p ≥ 0
Strong energy ondition (SEC) ⇔ ρ+ 3p ≥ 0 and ρ+ p ≥ 0
Dominant energy ondition (DEC) ⇔ ρ ≥ 0 and ρ± p ≥ 0
(5.5)
It is shown that in a k = +1 universe, only the SEC need to be violated for obtaining
a boune solution. Sine the singularity theorems mentioned above use the SEC as an
input hypothesis, violating this ondition vitiates them [73℄. Physially, violating the
other energy onditions with (small) quantum eets is relatively diult. On the
other hand, it is rather easy to violate the SEC and is therefore often referred to as
`the unphysial energy ondition'. Using ρ˜ and p˜ given by (3.18) and (3.19) in the
above energy onditions, we an see that our nonsingular model satises all the energy
onditions exept the strong one and serves as a perfet example for this phenomenon.
When omparing our two physial models, it is lear that the avoidane of singularity
is primarily due to the presene of the negative energy density. The naturalness of a
negative energy density at the lassial level may be suspet. But we should note that
the nonzero value of a0 on whih this depends is obtained on quantisation. However, as
mentioned before, negative energy densities were postulated muh earlier. Currently,
there is a revival of interest in negative energies in onnetion with speulations on
wormholes, time-travel et. [72, 73℄. Also some speulations are on whih onsider
a Casimir driven evolution of the universe [74℄. That negative energy densities are
predited by relativisti quantum eld theory is known for a long time. Casimir [75℄,
for the rst time, showed that between two parallel perfet plane ondutors separated
by a distane l, there is a renormalised energy E = −π2/720l3 per unit area and
this is now experimentally onrmed. The energy density orresponding to this may
be evaluated as −π2/720l4. The Casimir energy density is alulated for some stati
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universe models. For example, this density for a massless salar eld in the four-
dimensional stati Einstein universe is [76℄
ρCasimir = −0.411505
4π2a4
A similar expression for an expanding losed universe is not known to us. However, we
shall ompare the above value with our expression for negative energy density (3.38),
with a0 given by (4.58): i.e.,
ρ− = − 1
4π2a4
.
Anyhow, it will be premature to identify ρ− with Casimir energy, just like identifying
ρλ with vauum energy.
5.4 Prospets and Challenges
In this subsetion, we disuss some of the possible future developments in onnetion
with the new model, both observational and oneptual.
1) Consider the physial nonsingular model with real sale fator a(t) = (a20+ t
2)1/2.
This model is obtainable diretly from the assumption that the universe is losed and
has a total energy density and pressure given by Eqs. (3.18) and (3.19) respetively.
The assumption of omplex sale fator et. serves the purpose of justifying this one.
It is shown that globally, the model has very good preditions and is devoid of all the
osmologial problems mentioned in Se. 2.1. But to be ompatible with modern obser-
vational osmology, it has to go a long way. Of utmost importane is the utuations in
CMBR deteted by COBE; any realisti osmologial model should be able to aount
for this. In Se. 3.4, it was argued that the present model an generate density pertur-
bations on sales as large as the present Hubble radius, even after the nuleosynthesis
epoh. Reently, Coble et al. [45℄ have laimed that while models with a onstant'
osmologial onstant have too high a COBE normalised amplitude for a sale invari-
ant spetrum, their deaying-λ model has this amplitude mathing with observations.
However, a detailed analysis of CMBR anisotropies is not undertaken here. Another
issue of importane whih we have not looked into in any detail is the nuleosynthesis
in the present model. It is shown that the thermal histories of the new model and the
standard model are not very dierent. Hene it would be reasonable to expet that
nuleosynthesis will also proeed identially.
2) If the standard model is to be generalised by inluding some kind of energy
density other than relativisti/nonrelativisti matter, the resulting model annot remain
unambitious for long; it invariably has to get onneted to eld theory or the `standard
model' in partile physis. In that sense, the present model has only put forward a
phenomenologial law for the evolution of the vauum energy whih we prudently all
λ (or ρλ). A eld theoreti explanation for ρλ will always be welome. In fat, one
an see some resemblane between the set of equations (3.10)-(3.13) and (1.53)-(1.55),
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whih suggests the possibility of onsidering β as a eld. It is easy to see that this is
not an ordinary salar eld; it is more akin to a Brans-Dike eld. This aspet too is
not pursued any further.
3) Another important issue worthy of further exploration is the onnetion with
quantum stationary geometries' (QSG's) [77, 78℄. As an example, this theory juxta-
poses two situations; one in whih a lassial system of losed dust lled universe with
onstraint equation
a˙2
a2
+
1
a2
=
A
a3
(5.6)
having a singular evolution for the sale fator a = aclass.(t) and the other in whih
QSG's avoid this singularity in suh a way that
< a2(t) >= a20 + a
2
class.(t) (5.7)
Also here, a0 is shown to be of the order of Plank length. This is analogous to the
avoidane of singularity in the new and its alternative models. This and many other
aspets of the quantum behaviour in the model are left untouhed.
Lastly, some aspets of aesthetis. It is well known that Einstein onsidered the
right hand side of his equation, whih ontain a nongeometri quantity (the energy-
momentum tensor) as spoiling the onsisteny and integrity of his geometrial approah.
In the present ase, we do not hesitate to laim that at least in a osmologial ontext,
a realisti model is obtained in whih suh a voluntary introdution of a nongeometrial
quantity is not neessary. In fat, equations (3.10)-(3.13) are essentially the same
equations (3.5) and (3.6) and hene it an be onsidered that the right hand sides
of (3.10)-(3.11) or that of (3.16)-(3.17) as emerging from their orresponding left hand
sides.
One annot simply be averse to the philosophial overtones of this theory. The
universe with omplex sale fator is the unpereived one, but the same eld equations
desribe a real, physial universe with real sale fator. Our intellet an oneive only
the measurable, real quantities and in a sense, this makes the energy-momentum tensor
nonzero. If not approahed with aution, this an lead to mystiism, but perhaps it
would be better to interpret this, in the event of being proved to have some truth
ontent, as yet another instane in physis where, to use N. Bohr's words, "truths being
statements in whih the opposite also are truths".
This position an be ritiised on two grounds. (1) The observational and theoretial
unertainties are greatly amplied in osmology and hene it is subjeted to all sorts of
ideologial and philosophial inuenes, the present theory being one example. But it
shall be reminded that none of the existing osmologial models are free from it and at
the level of analysis made, the present model has equally good, if not better, preditions.
(2) At a subtler level, it an be argued that it is our intellet that imposes its laws upon
nature. We quote K. Popper [79℄, who remarked on this subjet in reply to Kant: "Kant
was right that it is our intellet whih imposes its laws - its ideas, its values - upon the
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inartiulate mass of our "sensations" and thereby brings order into them. Where he
was wrong is that he did not see that we rarely sueed with our imposition, that we
try again and again, and that the result - our knowledge of the world - owes as muh
to the resisting reality as to our self produed ideas". We note that this makes the task
of onforming to any epistemologial systematis diult for the sientist.
As a losing note, we remark that the model with omplex sale fator an be on-
sidered as a model for an underlying objetive reality. The theory is learly falsiable;
in the preditions Hptp = 1, qp = 0, ρm/ρλ = 2 in the nonrelativisti era, the total en-
ergy density ρ˜, the negative energy density ρ− et., it leaves no adjustable parameters.
Though it looks a mathematial uriosity, at best a toy model, it is urious enough how
this simple model an aount for this muh osmologial observations without reating
any problems at a physial level.
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